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Pe3tome: Po3zs’sizyeanus cucmem JIHIUHUX a1eeOpAiuHUX DIBHAHb GeNUKOI pPO3IMIPHOCHI BUKOPUCHIOBYEMbCA NPU
PO38’A3y8aHHI 6a2amebox 3a0ay MamemMamuyHoi (isuxu, 30Kpema € OOHIEI 3 OCHOBHUX Ni03a0ay Npu po3e s3)68aHHI
cucmem pieHAHbL 8 YACMUHHUX NOXIOHUX. Po3noodinene po3s’sasysanns cucmem JIHIUHUX PIGHAHbL GeIUKOI PO3MIPHOCTI
oae 3mMo2y 3MEeHWUMU 4ac 004UCIeHb, 0COOIUBO Y BUNAOKAX KOAU Yi MAMPUYi HEMONCIUBO 30epicamu y onepamueHii
nam’ami ooHo2o komn 'romepa. Ilpeomemom ybo2o 00CNIONHCEHH € NOULYK ONMUMATLHUX ANOPUMMIE CeKYIOHYBAHHS
MAmpuyb 6eIUKOL POZMIDHOCII NPU PO3NOOLICHOMY PO36 3YEAHHI CUCEM JIHIIHUX A2eOPaiyHUX PIGHAHD.

KuarouoBi cinoBa: cexyionyeanns, CJIAP, po3nodineni obuucients, meniose npoekmysanHs.

BCTYI

Benmka KinbKicTh 3a7a4 MaTeMaTHYHO! (i3UKH
ONMCYETBCS 3a JOMOMOTOI0 CHUCTEM pIBHAHb B
yacTUHHUX mnoximaux. llicmsa miHeapwzamii Takmx
CHCTEM YHCEIbHUMHU METOJaMH 3a7adi 3BOJIATHCS 10
pPO3B’SI3yBaHHS CHCTEM JIHIMHUX anreopaiuHux
piBasHb (CJIAP). Po3MipHICTh TaKUX CHCTEM MOXKeE
OyTH HACTUTBKM BEJUKOIO, IO iX pPO3B’sI3aHHS
YCKIaTHIOEThCSI ab0 ¥ CTae HEMOXIUBUM 0e3
BUKOPUCTaHHS  CIELiabHUX  OOYMCIIIOBATbHUX
pecypciB Ta 3aco6iB [1, 4].

B cBoto yepry, y 3B’s3Ky 31 3pOCTaHHSAM MOTPeOH
B MOTY)XHHX OOYMCIIOBaJbHUX pecypcax Ta Ha
MOPSIIOK HIDKYOIO BapTICTIO CHUCTEM PO3IMOIUICHHS
0o0UYNCIICHhP B TIOPIBHSIHHI 13 CITeIiajli30BaHUMH
OOYHCITIOBAIBHUMH  KJIACTEPAMHU, OCTaHHIM YacoM
3pocia  aKTyalbHICTh  BHUKOPUCTAaHHS  CHCTEM
PO3IOAUICHHST 00YNCIICHD [2].

CeklioHyBaHHS CTPIYKOBOI MaTpUIli — pO3OUTTS
i Ha Taki WiAMATPHI — CEKIii, IO TOBHICTIO
BKJTFOYAIOTH B ce0e yCi HeHYJIhOBI €JIEMEHTH.

IIpobnema ceKImioHyBaHHS CTPIYKOBHX MAaTpPHIIb
BEJIMKOT PO3MIPHOCTI MOCTa€, B IMEPUIYy YEpry, MpH
moTpebi  po3monieHoro abo  po3mapaneneHoro
po3p’ssyBanHs CJIAP, ocobmuBo 3a yMOB, KOJH
3arajibHa CTPYKTypa MAaTpUIl, SIKOIO OIHCYETHCS
cucTeMa, HeperyJsipHa, abo 3 THX 4d iHIIUX MPHYUH
HeBimoma [3].

Takox mTOTpeba B CEKI[IOHYBaHHI MaTpHIb
BUHHUKAE TMpH pealizalii CUCTeM iTepaliifHOro
po3w’sizyBanHs CJIAP; nampukmnam, B poboti [4]
TIOMIX IHITUM 3TaIy€EThCS PO PO3OUTTS MaTPHII Ha

cekuii mpu itepaniiHomy po3B’sizyBaHHI CJIAP Ha
MapaJieIbHUX CHCTEMAax 3 PO3MOJIICHOI MaM’sATTIO,
NpoTe JOKIAJHO alTOPUTM TaKOTO PO3OUTTS He
OTIHCYETHCA.

HeoOximHicTh CeKIiOHYBaHHS MaTpPHUIb BUHUKAE
TaKoX  TIPH  PO3B’SI3yBaHHI  HU3KH  TaKHX
cneunivHuX 3a7ad, sIK, HAIPUKIaJ, IPOCKTYBaHHS
CHCTEM BHUSBJICHHS aHOMAliil OOYMCITIOBATBHUX
MIPOIIECiB, MPO IO 3TamyeThcsl B poOOTi [5], mpoTe
0e3 onHCcy KOHKPETHUX alITOPHTMIB.

B poborti [6] po3rasHyTO pO3B’sS3yBaHHS 3a1adi
3HAXO/PKEHHA AOOYTKY IBOX MIMCHMX MaTpHUIlb Ha
KJlacTepax 3 CepiiiHUX MEpCOHAIBHUX KOMIT IOTEPIB,
MEPEeTBOPEHUX Ha MapalielbHy CUCTEMY 3i CIIBHOIO
nam’sTTIO (OPraHi30BaHOK 3a PaXyHOK MKOPCTKOTO

JUCKYy 3 MEPESKEBUM JOCTYIIOM), 30KpeMa, 3
BUKOPHCTaHHSIM CEKI[IOHYBaHHS MaTpHIb-
MHO>XHHKIB.

Takox po3B’s3yBanHs cekmionoBanux CJIAP
3ac00aMy  MapajieibHOT CHUCTEMH 31  CIUIBHOIO
mam’sITTIO PO3TIISLIAETHCS B POOOTI [7].

B po0ori [8] 3ragyerhcs cexlioHyBaHHS MaTpUIL
Ui 00pOOKHM YacTHH TapalieIbHOI0 CHUCTEMOIO 3
PO3MOIINIEHO0 TaM’ ATTIO Ta MIATPUMKOIO CTaHAAPTY
MPL.

Ilpote y  BCIX  pPO3MISIHYTHX  IPaIsX
CEeKI[IOHYBaHHS MaTpulb OylO0 HE OCHOBHUM
MPEMETOM JTOCTIIKCHb, a JIKIIE OJHUM 3 aCICKTiB,
1 TOMY JOCHIDKCHHSI €(QEKTHBHOCTI aJTOPUTMIB
CEKIIOHYBaHHsI He OyJIH MpeJCTaBIICHi.

B wiéi poGoTi Bmepine 37iHCHEHO ITOCTaHOBKY
3ama4i Ta PO3POOKY aNTOPUTMIB CEKIIOHYBaHHS
CTPIYKOBUX MAaTPHIlh BEIHKOI PO3MIPHOCTI 3 METOIO
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MTOAAITBINOTO IX PO3MOIITICHOTO PO3B’A3yBaHHS.

2. MOCTAHOBKA 3A0AH4I

CEKLIOHYBAHHA
3agauero poboTH € po3poOka Ta MOPIBHAHHSA
e(eKTUBHUX ANTOPUTMIB CEeKIIOHYBaHHS
CTPIYKOBHUX  MATPHIb  BEIHKOi  PO3MIPHOCTI.

PosrnsiHeMo neTanbHilIe MOHATTS CEKIIOHYBaHHS Ta

BHUMOTH JI0 HBOTO.
Hexait 3amana CJIAP Burmsiny:
A-X=b, €))

ne AeR"" ~— opilicHa KsagpaTHa MAaTpPHI
PO3MIPHOCTI /1 X 1 CTPIYKOBOTO BUTIISIAY:

A4, 4,
Ay Ay
A= : » )
0 0 - A,y Apn
O O An(n—l) A”"

zie Al.j — IPSIMOKYTHI MaTPHIli JOBUIEHOTO PO3MIpY.

CekmioHyBaHssM, a00 poO30OWUTTSIM Ha CeKIlil,
HA3MBAaTHMEMO 3HAXOMKEHHs i wMarpuii A
TAaKOro HATypaJIbHOTO BEKTOpa seN"
PO3MIpHOCTI 71, KMl OW 3aJ0BUIBHSIB OJHOYACHO
JIBI YMOBHU:

® CyMa pO3MipiB CEKIlili TOBHHHA JOPiBHIOBATH

po3MipHOCTI MaTpuili A :

m
i=1

)

e Gymp-sKuil HeHyIbOBHUIl eneMeHT Matpumi A
MOBUHCH 3HAXOJUTHCh BCEPEAMHI KBAJAPATHOI
0o0JyacTi, YTBOpPEHOi IBOMa TIOCIiJOBHUMH
CEKIIISIMU:

‘v’i,jel,_n:ay. ¢0:>Elke2,_m:

k-1 k-1

4)

3. OUIHKA AKOCTI CEKUIOHYBAHHA

Posrnsinemo mpukian. Hexalh naHo marpuiito

Ae R™:

All AIZ A13 0

| A A 00 -
0 0 A4, 0
0 0 Ay Ay,

Jlst matpuiti A MOXITUBUM PO3OUTTAM Ha CEKIIil
Oyne
5=0 2 1), (6)
Opy SKOMY Ha TOJIOBHIM miaroHami wmatpumi A

OyayTh po3MilleHI TpH KBagpaTHI CeKUii 3
po3mipHOCTsMH, Bignosiano, 1x1, 2x2 ta 1x1:

Ay 1A, A1 O
A4 010
A=l o 4l 7
I B 80
O : O A43 : 44

BRXJIMBO, IIO 32 MEXaMH KBaJIpaTHUX obacreif,
YTBOPEHUX MapaMHy MOCTITOBHUX CEKIiH (IBi KpaiHi
MO3UIIii HA TMOOIYHIH miaroHasi), HeMae HEHYJIbOBUX
CJIEMEHTIB.

OueBHHO, 1O PO3OUTTS, SKE 3aJOBLIBHIE
NIOCTaBJICHI BUMOTH, € HE €MHUM; HANPUKIAM, IS
Tiei ok  wMarpumi A MOXIHBHM €  TaKOX
CEKI[IOHYBaHHSI BUTJISLY :

=02 1 1), (8)
npu sikomy Mmatpuns A Oyme po3bura Ha CeKIii
HACTYITHUM YHHOM:

All AIZ i A13 i 0

_| A An i 01 0y ©)
0 0 4,10
0 0 _! Ay 1:_‘444

I[Mpu wmoxmuBOCTI 0araThOX adbTEPHATHBHUX
PO30OUTTIB MaTpuIli Ha CEKIii MoCcTae HEOOXIiAHICTh
MOpIBHAHHSA  iX  MDK  cobow.  ABTOpaMu
IIPOIOHYETHCS BUKOPUCTaHHSA HACTYIIHHUX TPbOX
KpPHUTEpiiB  OILIHIOBAaHHS SKOCTI  CEKIIIOHYBaHHS
MaTpHIb:

1) Hpibuicte  cexmionyBaHHs.  OTpuMaHHS
SIKHAMOIIBIIOT  KITBKOCTI  APIOHMX  CEKIliH
Iy’Ke BaXJIHMBE Ui 3a0e3MeveHHs] THYYKOCTi
PO3MOIIEHOTO PO3B’sI3yBaHHS CJIAP,
SIKHANJOLIBHIIIIOrO 3a0e3neyeHHs
3aBJAHHSAMH YCiIX CHCTEM-BUKOHABIIB Ta
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MiHIMi3aIlii CyMapHOTO dYacy IIPOCTOIO
PO3IOIIIEHOT CUCTEMH:

cnt(5) = m — max . (10)

2) AxypartHicTb  cekmioHyBaHHS.  OCKUIBKH
o0unCiIOBaJbHA  CKIAIHICTD  alTOPUTMIB
JiaroHamizarii HAaCHICHOL MaTpHIT
PO3MIPHOCTI 7 X 71, SIKOIO 1 € KOKHA 3 CEKIIiH,

3
B 3araJisHOMY BHUITaAKY CTAaHOBUTH O(l’l ), TO,

OYEBHMIHO, IO JJI1 MaKCHMAaJabHOI IIBHIAKOIIT
po3moaiieHoi cucTeMu cyma KyOiB po3MipiB
CEKI[ill TOBUHHA OyTH MiHIMAJIBHOIO:

m
sqr(s)=>5> — min. (11)
i=l1
3) TouHicTh pe3ynbTary. PesynpraTu
po3B’s3yBaHHsS omHiei W Tiei x CJIAP,
po36uToi Ha CeKIii KUTbKOMa

IBTEPHATUBHUMH  CIIOCOOaMH,  MOXYTb
BIZIPI3HATHCA. SIKIIO BiIOMHM € ETaIOHHHM
po3B’s30k CJIAP X, TO TOYHICTB pe3ysbTaTy,
OTPUMaHOTO 3aBISIKU CEKIII0HYBaHHIO
Marpuili X' MOXHA BU3HAYUTH K CEPETHE
KBaJIpaTU4HE BiIXUJICHHA (cranmapTHy
JeBianiro) BekTopa X' BiIHOCHO BEKTOpa X :

dev(s) = lzn:(fcl %) > min.  (12)

nio

Ha nymky aBTOpiB, 3amporoHOBaHi KpuUTepii
OIIIHKU SIKOCTi CEKIIIOHYBaHHS MAaTPHIh JTO3BOJIATH
MOPIBHIOBAaTH MK CO0OI0 HE JHIle KOHKPETHI
BapiaHTH PO3OMTTS Ha CeKWil Marpuumb, ajie i
ITOPUTMHU CEKL[IOHYBaHHS 3arajioM.

4. ANTOPUTMU CEKLIIOHYBAHHA

B xomi mocmiukeHHS MOKIMBHUX INIAXOXIB 10
CEKI[IOHYBaHHS  CTPIYKOBUX MAaTpPHUIb  BEJIUKOI
PO3MIpHOCTI aBTOpaMH OyJO pO3pOOJIEHO TpH
PI3HHX aNrOpUTMH, SKi Ha3BaHO, BIIMOBIAHO 0
TPUHITUITY i, OJTHOHAIPSIMIICHUM,
JIBOHAIIPSIMIICHUM Ta TIPUCTOCOBHUM.

Opnonanpsimnenndt  (One-Directional,  OD)
ANTOPUTM CEKIIOHYBaHHA MAaTpPHIb CKJIANAETHCS 3
HACTYMHUX KPOKiB:

[ODO] Imimiamizartis: BUIUIINTHA mam’sTh,
3allOBHUTH CIIHCOK  PO3MIPIB  CEKIii
OJUHUYHUMH €JIEMEHTAMH.

[OD1] OOuncauTH A7 KOXKHOTO €JIEMCHTA, IO
3HaXOAWTHCA Ha TOJOBHIA JiaroHaini

MaTpHIli, MBI BETWYWHH: 1) BijcTaHi 10
HalBiAMAIEHIIIOrO HEHYJIBOBOTO
eJIEMEHTa 0 TOPH30HTANI BIPaBO abo MO
BepTHKaNli  BHM3, 2) BiACTaHI  J0
HaWBIJAJICHINION0 HEHYJhOBOI'O CJICMEH-
Ta TI0 TOPU30HTAII BIiBO 200 TI0 BEpTHKAII
BrOpY.

[OD2] IlepermstHyTH BCI TapW  ITOCHITOBHUX
CeKI[if Bija mepiioi i 10 OCTaHHBOI; Y pasi,
SKIIO HAa PIAKaxX YA CTOBIIAX, SAKi
HaJIe)KaTh CEKITisAM, € HEHYJILOBI €JICMCHTH,
[0 HE  MNOTPAIUIAIOTh  BCEPEIUHY
KBaJpaTHOI 00NacTi, YTBOPEHOI IIMMH
CEKILISAMH, — 00’ €HATH IX.

[OD3] fkmo Ha momepeaHhOMY KpOIli BHKOHAHO
MpUHAWMI OJHE B3IUTTS — TMEPeUTH J0
Kkpoky OD2.

[OD4] dinamizaris: KOHBEPTYBaTH  CITHCOK
pPO3MIpiB CeKIiii B MacuB, NOBEPHYTH
pe3yJbTart.

Heonanpsmnennii (Bidirectional, BD) anroputm
BIZIPI3HAETHCS BiJl OAHOHANPSMIICHOTO MEPErisiaoM
CeKLi SK B NPAMOMY, TaKk 1 B 3BOPOTHHOMY
HaINpsIMKy, M0 JO3BOJIAE 3POOUTH PO3OWTTS Ha
CeKIIii piBHOMIpHIIIMM. J[BOHAIIPSIMIICHUH allTOpUTM
CEKIIOHYBaHHS MAaTPHIb CKIATAETHCS 3 HACTYITHHX
KpOKIiB:

[BDO] Inimiamizaris: BUJIUTUTH mnam’ siTh,
3allOBHUTH  CIIMCOK  PO3MIpIB  CEKIIii
OJIMHUYHUMH €JICMCHTaMHU.

[BD1] OOuucnutu A KOXKHOTO €JIEMEHTa, IO
3HAXOIUTHCI HA TOJOBHINA  IiaroHaii
MaTpHIli, MBI BETWYWHH: 1) BijcTaHi 10
HalBiAMAIEHIIIOrO HEHYJIBOBOTO
eJIeMEeHTa 0 TOPH30HTANI BIIPaBO abo MO
BepTUKaJi  BHU3; 2) BiAcTani 10
HaAWBIJIAJICHINIION0 HEHYJhOBOI'O CJIEMEH-
Ta TI0 TOPU30HTAII BIiBO 200 MO BEpTHKAII
BrOpYy.

[BD2] IlepermstHyTH BCl TapW  ITOCHITOBHUX
CeKI[il BN TepmIoi N0 OCTaHHbOI B
MpsIMOMY TIOPSAKY; y pasi, SKIo Ha
pAAKaX YW CTOBHOIPX, SIKi HaleXaTh
CEKI[isIM, € HEHYJIbOBI CJIEMEHTH, IO HE
MOTPAIUISAIOTE  BCEPEIUHY  KBaJpaTHOL
007acTi, yTBOPEHOI ITMMH CEKITisIMH,
00’egHaTH iX.

[BD3] I[lepernmsnyT: BCi mapu IOCTiZOBHHX
CeKIil B OCTaHHBOI JO Tepmoi B
3BOPOTHBOMY TIOPSIAKY; y pasi, SKIIO Ha
pAAKaXx UM CTOBIINX, SIKI HaJekKaTh
CEeKI[isIM, € HEHYIIbOBI E€JIeMEHTH, 10 He
MOTPAIUIAIOTE  BCEPEOUHY  KBaapaTHOL
o0nacTi, yTBOPEHOI LHMMU CEKIISIMH, —
00’egHaTH iX.
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[BD4] Slkmo Ha omHOMY 3 MABOX IIONEPEIHIX
KPOKIB BUKOHAHO TIPUHAKWMI OJTHE 3IIUTTS —
nepenTH 10 kpoxy BD2.

[BD5] ®inamizamis: KOHBEPTYBaTH  CITHCOK
pO3MIpiB CeKIliii B MacuB, TOBEPHYTU
pe3yabTar.

IIpuctocoBumii  (Adjustable, AD) anropurm
cepell KUIbKOX MOXJIMBHX 00’€THaHb BUOHMpAE Te,
SIK€ TIPU3BEJIE 10 MEHIIIOT0 PO3Mipy HOBOYTBOPEHOL
CEKIIii, IO MT03BOJISE 3pOOWTH PO3OUTTS HA CEKIIii
JPiOHIIIHAM. [IpucrocoBHuit ANTOPUTM
CCKI[IOHYBaHHS MAaTPHIlb CKIAJIAEThCA 3 HACTYITHHUX
KpOKIB:

naMm’siTh,
CEeKII

[ADO] Inimiamizaris: BHJIUTHTH
3aIIOBHUTH  CIIUCOK  PO3MIipiB
OJMHUYHUMU eJIEMEHTaMHU.
OOumcnIuT IS KOKHOI'O €JIEMEHTa, IO
3HaXOAWTBCA Ha TOJOBHIA JiaroHani
MaTpHIli, TBI BEeIWYMHH: 1) BimcTaHi OO
HaNBIAAIEHIIIIOrO HEHYJIBOBOTO
€JIEMEHTa 0 TOPH30HTANIi BIPaBO abo MO
BEpTHKAJi  BHW3; 2) BiAcTaHi 10
HaWBIIAICHIIIIOTO HEHYJIHOBOTO EJIEMEH-
Ta 10 TOPU3OHTAIII BIIBO a00 10 BepTHKAIL
BrOpY.

IlepernmsayT  BCi mapu  TOCIITOBHHUX
CeKIIif Bia mepimioi i 0 OCTaHHBOI; Y pasi,
SKIIO Ha psSAKax YW CTOBMIAX, SKI
HaJIeXKATh CEKIIisIM, € HEHYJIbOBI €JIEMEHTH,
1110 HE MOTPAIUIAIOTh BCEPEIUHY
KBaJ[paTHOI 00JIACTi, YTBOPEHOI IMMHU
CEeKIliIMU, — 00’€THATH Ti NIBI 3 YOTHUPHOX
MOCJIIOBHUX CEKIiH, 00’€qHaHHSA SKUX
JIO3BOJIUTH OTPUMATH HAHMEHIIMH pO3Mip

[ADI1]

[AD2]

HOBOYTBOPCHHSL.

[AD3] Slxmo Ha momepeaHhOMY KpOIli BUKOHAHO
NpUHAHMI OJHE 3JIUTTS — IEPEUTH 10
Kpoky AD2.

[AD4] dinamizamis: KOHBEPTYBaTH  CITHCOK
pO3MIpiB CEKIiii B MAacuB, TOBEPHYTH
pe3yabTar.

KoxkeH 3 TppOX pO3pOOJICHHX aNTOpPUTMIB Ha
KO)KHOMY KpOIIi CBOTO BHUKOHAaHHS 3AIHCHIOE
00’ eaHAHHS JBOX CEKIii. /1)1 K0KHOro 00’ €THaHHS
BUKOHYETHCS TEPEIIAN YCiX TMap IOCTIIOBHUX
CeKI[if, IO 3aJMIIAIOThCS Ha MOTOYHOMY KPOII.
OCKUTBKM TIOYaTKOBO CEKIiH € n, To Oyxde
30IMCHEHO HE OLIblIe HIX (n—l) 3JIMTTIB, JIS
KOXHOTO 3 SKUX OyJe MEepPEeriisHyTO B CePeIHbOMY
%(n—l) nap cekuid. Bixrak, oGuucmoBanbHA

CKJIQJIHICTh PO3POOICHUX alTOPUTMIB CTaHOBUTH

O((n=1)-1(n-1)) = oli(n-17) < ofn*).

Tomy Mu
po3po0deHi

MOXXEMO  CTBEpIUKyBaTH, IO yCi
AITOPUTMH MAIOTh OOYHCIIOBAIbHY
CKJIQJIHICTh HE BHIIY 3a 0(}12 )

Takox BapTo 3a3HAYUTH, IO, B pa3i moTpedH,
MEPIIUM  KPOKOM JJIi  KOXKHOTO 3  OIKMCaHUX
ANTOPUTMIB MOXKe OYTH BIIOPSIAKYBaHHS PSAKIB Ta
CTOBMIIB MAaTpHLi 3a JOMOMOTOI0 aJITrOPUTMY
Karxinna-Makki, 1o 103BOJUTh 3MEHIIUTH IUPUHY
CTPIYKH MAaTpHIIi, a, BilTaK, IMOKPAIINTH IPiOHICTH
Ta aKypaTHICTb 11 CEKI[IOHyBaHHSI.

5. PE3YJIbTATU EKCINNEPUMEHTIB

TectyBanHs po3pobaeHnxX AITOPUTMIB
MpoBOAMIIOCS Ha ImecTH pisHux tectoBux CJIAP 3
PO3PLIKEHUMH CTPIYKOBUMH MaTPHIISIMHU, TTOAIOHHX
no CJIAP, mo po3B’sI3yIOThCS B PEATHHUX 3a7adax
TEIUIOBOTO MPOEKTYBaHHS EICKTPOHHUX IMPUCTPOIB.
Martpumi tecroBux CJIAP 300paxkeno mwa pwuc. 1.
Tecrori CJIAP cknananucs, BianosigHo, 3 134 (nus.
puc. la), 1095 (nuB. puc. 16), 1648 (muB. puc. 1B),
3870 (mmB. puc. 1r), 6240 (muB. puc. 1a) Ta 8192

o A0 400 B0 B 1000 A0 1400 1800 0 S0 000 1500 2000 200 300 30

B) _ r)

o Tam 0 wan 10 &0 5o o
e)
Puc. 1 — Martpuui tecroux CJIAP

B xomi tectyBaHHS OyJI0 BUKOHAHO PO3OWUTTS Ha
CEKIii KOXKHOI 3 IIECTH TECTOBUX MAaTPHULb KOKHUM
3 TPbOX PO3POOJIEHUX aNTOPUTMIB CEKI[IOHYBaHHS.
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[Ticns mporo MaTpuini OyJI0 po3B’SI3aHO JIOKAJTHEHO Ta
pO3MONINIEHO, 3  BHKOPUCTAHHSM  OTPUMAHOTO
CeKlioHyBaHHs. /[l KOXHOTO 3 OTPUMAaHHUX
po30UTTIB Ha cekIii Oyno o0YHMCIeHO KpuTepii
SIKOCT1 CEKI[IOHYBaHHSI cntf, sqr Ta dev a TakoxX
BHU3HAYEHO CYMapHUU Yac pO3MOIALTEHOI CHUCTEMH,
BuTpadeHU Ha po3B’s3yBanHs CJIAP. Orpumani
pe3yabTaTH HaBeleHo B Taldu. 1.

Ta6uuus 1. Pe3ynbTaTn excnepuMeHTIB

Marpuusa g Kputepii skocTi
5 Yac, ¢
Nel n |=]cnt sqr dev
ob| 4 327 896] 2.252682E-12 0.109
1| 134]BD| 4 265 448| 2.231834E-12 0.109
AD| 4 186 776] 2.240844E-12 0.078
ob| 3 268 793 367| 1.651711E-12 45.781
2| 1005/BD] 3 206 520 705] 1.551169E-12 52.328
AD| 3 295 266 231] 1.660775E-12 48.328
ob| 24 22319 104] 2.881726E-06 9.234
3| 1648/BD| 24 15 373 636 2.881726E-06 10.531
AD| 21 44 339 200] 2.881726E-06 9.500
ob| 2| 14638398840] 1.677139E-14] 2096.781
4 | 3870[BD| 3| 10463074 488] 1.677842E-14] 2 081.641
AD| 3| 6945711 480] 1.677039E-14] 1896.891
ob| 50 111 968 256] 2.902765E-06] 245.188
5| 6240/BD] 52 98 430 912| 2.902765E-06]  259.703
AD| 50 100 958 208] 2.902766E-06]  252.109
ob| 8] 11365478054] 5.177261E-10 72.734
6| 8192|BD] 8] 18610300226] 5.177261E-10] 108.359
AD] 8l 10717585418] 5.177261E-10 42.000
CriBBiHOIIEHHST ~ JIpiOHOCTI  CEKI[IOHYBaHHS
(xpuTepiit cnf) 1M TPHOX PI3HUX aJITOPUTMIB

CEeKI[IOHYBaHHS IOJaHO B TpadidyHOMY BUTISAI Ha
puc. 2.

matrix
w

N

6 oob
@BD
B AD

0 10 20 30 40 50
cnt

Puc. 2 — /IpionicTh cexuionyBanus (kpurepiii cnt)

MoxHa cTBepAKyBaTH, IO APiOHICTH PO3OUTTIB
Ha CeKILii, OTpUMaHuX TPbOMa PI3HUMH METOIAMH
CEKITIOHYBaHHS MaTpPHIlb, BiIPI3HIETHCS HE3HAYHO,
npote ABoHanpsiMieHuit (BD) anropurM, Ha BiaMiHy
Bil JBOX IHIIMX, B YCiX BHIagKax 3a0e3leunB
HaWBHIIy APiOHICTH PO3OUTTSI.

CHiBBiZJHOIIEHHS aKypaTHOCTI CEKIiIOHYBaHHS
(xpuTepiit sqr) Pi3HHX aNTOPUTMIB CEKLIOHYBaHHS
rpadivyHO TPeCTaBIIEHO HA pHUC. 3.

1,E+12

1,E+10
1,E+08

& 1,E+06

1,E+04 4
1,E+02 1

oob
@BD
BAD

1,E+00 -

1 2 3 4 5 6
matrix

Puc. 3 — AkypaTHicThb cekIioHyBaHHS (KpuTepiii sqr)

3Ha4yeHHs aKypaTHOCTI CEeKI10HYBaHHS
BIZIPI3HSIOTBCS JUI PI3HUX alTOPUTMIB, IPOTE B
3HAUHIA Mipi 3aleXdUThb TaKOX Bi CTPYKTYpH
TECTOBOi MaTpulli, TOMy Uil Pi3HUX MAaTpHUIb
HalleDEeKTUBHIIMMMH 33 aKypaTHICTIO MOXYTh
BUSIBUTHCSL PI3HI alrOpUTMHU. 3arajioM, IOIUIbHUM
MOYKHAa BBa)KaTH BHKOPHUCTAaHHS JBOHAIMPSIMIEHOTO
(BD) Tta mpucrocoBHoro (AD) anroputmiB
CEKIIIOHYBaHHS.

3HavyeHHS CcepelHiX KBagpaTHYHHUX BiAXHICHD
po3B’sizky CJIAP, orpumanoro posmopineHo 3
BUKOPHUCTAaHHSAM CCKITIOHYBaHHSI BiJl €TaJOHHOTO
PO3B’SI3KYy,  OTPUMAHOTO  JIOKAaJbHO,  3arajoMm
JOCTaTHBO HU3BKi, TOMY MOXHa CTBEPIKYBaTH, IO
BCl TPH AITOPUTMH CEKITIOHYBaHHS 3a0e3MeUyIOTh
JIOCTaTHIO TOYHICTh po3B’ 53Ky CJIAP.

VYei TpH 3aIpONOHOBaHUX AITOPUTMH
CEKIIIOHYBaHHA  MAaTPWIlb  MIATBEPAWIH  CBOIO
epexTuBHICTb. OCKUIBKM  yCci  BOHH  MAaloTh

. 2
O6‘lI/ICJ'IIOBa.]'IBHy CKIIaAHICTh HE BHUIIY 3a O(I’l ),

JOLUTBHUM MOXe OyTH BHKOPHUCTAaHHS OJIHOYACHO
JIEKITTbKOX METOIB CEKI[IOHyBaHHS Ta BUOIp TOTO
pe3yibTary, KUl Oyne HaW3pyJIHIINIMM IS TaHOTO
KOHKPETHOTO BHWIIQJKy. Y BHUIAIKy HEOOXiTHOCTI
BUOOPY  €IWHOTO  alTOPUTMYy  CEKIIOHYBaHHS
HalTNepCIeKTUBHIIIAM BUIAETHCS TBOHAPSMICHUN
(BD).

6. BUCHOBKHU

B poGori ©Oyno cdopmyiboBaHO — 3amady
CEeKIIOHYBaHHA CTPIYKOBHX MAaTPHIb  BEIHKOI
PO3MIPHOCTI TIPH PO3MOIIJICHOMY pO3B’sI3yBaHHI
CJIAP Ta 00rpyHTOBaHO 11 aKTyaJIbHICTh.

3amponoHOBaHi KpHUTEpii SIKOCTI CEKIIOHYBaHHS
- IpiOHICTH (xpurepiii cnt), aKypaTHICTh
(kpuTepiii sqr) Ta TOYHICTh pe3ynbpTaTy
(kpuTepiit dev) — MO3BOJAIOTH SIK OLIHKY SIKOCTI
KOHKPETHOTO PO30WTTS Ha CEKIlii, TaK i MOpPiBHAHHSA
CaMUX aJITOPUTMIB CEKITIOHYBAaHHS MATPHIIb.

Po3pobmeni  Ta  JOCHi/KEHI  AJTOPUTMH
CEeKI[IOHYBaHHs MaTpHLlb, a CaMe OJHOHAIPSMICHHUH
(OD), nBomampsimuiennit (BD) Ta mpucTocoBHMIA
(AD), 103BOJISIOTH BUKOHATH PO3OUTTS MaTpHIh Ha
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CEKIIii Ta MafOTh OOYHCITIOBAIBHY CKIIAAHICTB, IO HE
[EPEBHIILYE 0(}12 )

PesynbTaty cepii ekcriepuMeHTiB, IPOBEICHOT Ha
tecroBux CJIAP, minTBepannm eeKTUBHICTH ycCixX
3allpONIOHOBAHMX  AlNTOPUTMIB  CEKIIOHYBaHHSI
MaTpHIlh, 30KpeMa JABoHarpsimieHoro (BD).

7. Cnucok nitepatypu

[1] M.IO. bamanmgun, 3.I1. lllypuna. Memoowv
pewenuss  CJHIAY  6orvwou  pazmeprocmu.
Hosocubupck: Uzn-so HI'TY, 2000. 70 c.

[2] O.B. ®enaciok, I1. B. Cepmiok, HO. b. Cemuu-
muH, MaremaTuyHe Ta mporpaMHe 3a0e3-
MEYCeHHST U1 PO3IMOAUIEHOTO PO3B’SI3yBaHHS
MmapaMeTpUIHUX 3a7ad MaTEeMaTHYIHOI (hi3HKH.
Bicnux  HY  “Jlveiecoka  nonimexwuika”
“Komn’tomepni  cucmemu  npoekmy8aHHa:
meopis i npakmuxa’. Ne 626. JIsBiB: Bun-Bo
HY “JIsBiBchka momitexnika”, 2008. C. 94-102.

[3] D. Fedasyuk, P.Serdyuk, Y.Semchyshyn.
Hierarchical distribution of high dimensional
block-banded SLE solving. Proceedings of the
Xth International Conference CADSM 2009.
Lviv: Publishing House Vezha & Co. 2009.
pp- 292-295.

[4] P.Baiic, W. Ilograemnxas, X. Xépuep, B. lllo-
Hayep. UTepalvioHHBIE METOIBI  PEUICHUS
CHCTEM JIMHEHHBIX YPaBHEHUH, OT MPOILIOTO K
Oynymemy. Mamemamuueckoe MOOeaUposa-
Hue. T. 13. Ne 2. 2001. C. 39-50.

[5] A. Bbenses, C.Ilerpenko. Cucremsl 0o0OHapy-
KEHHWsS aHOMaJHi: HOBBIE WAEH B 3allHTe
uHpopManuu. Ixcnpecc-Onekmponuxa. Ne 2.
2004.

[6] A.H.3aBopun. IlapamrensHoe pelIeHUE JIH-
HEHHBIX CHCTEM P MOICIUPOBAHUY IJICKTPH-
YecKux Lenento Mamemamuueckoe mMooenupo-
sanue. T. 3. Ne 3. 1991. C. 91-96.

[7] C.B. Boctokus. I'padmueckwii METOJ
MPOSKTUPOBAHUS TapaUIEBHBIX MPOrpaMM C
WCTIOJh30BAaHUEM ACHHXPOHHOH COOBITHHHON
MOJENHN BeUuCIeHu. Becmu. Cam. 2oc. mexH.
yu-ma. Cep. @uz.-mam. nayku. Ne 30. 2004.
C. 178-183.

[8] A.B.Mamemmes, B. B. Illatimypos. Ilapan-
JICMBHBIE  BBIYMCIIEHUS Ha  KiIacTepax W3
MEPCOHANBHBIX KOMITBIOTEPOB. Tpyowi
Meoswcoynapoonou  xongepenyuu  RDAMM-
2001. 1. 6,4.2.2001. C. 287-293.

Amumpo ®edacrok Hapo-
ouscsi 1955 poky. 3akiH4yus
padiomexHidHuli hakyrbmem
HauioHarnbHo20 yHieepcu-
memy “JIbgigcbka nonimex-
Hika”. 3006ye cmyniHb KaHOU-
Oama mexHiyHuUx Hayk 1985

POKy, cmyniHb  0okmopa
mexHiyHux Hayk — 2000 poKy.
Asmop 6711U3bKO 140

Haykoeux nybnikauiti, 8 momy qucni 2 MoHozpadgiu.
Haykosumu iHmepecamu € menrose
rpoeKkmysaHHs  MIKpoesieKmpoHHoI ma  padio-

e/IeKMPOHHOI anapamypu, cucmemMu asmomamu3o-
8aHO20 rpoeKkmyeaHHsI ma KOMITIomepHi iHGop-
maujitiHi mexHosnoaii npuliHAMms pilleHsb.

lMaeno Cepdrok 3akiH4ue ®@a-
Kynbmem rpukiadHoi mamema-
muku JIb8i8CbKO20 HaujioHarlb-
Ho20 yHigepcumemy im.
I. ®paHka 2003 poky. Y 2007
poui 3006ye cmyniHb KaHOU-
Oama  MmexHiYyHUX  Hayk 8
HauioHanbHomMy  yHigepcumemi
“Ilbgigcbka ronimexHika”.

Haykosumu iHmepecamu € CAlP, mernnose

rpoeKkmy8aHHs ma qucesibHi memodu

Mamemamu4HoI Qi3uKuU.
KOpiti Cemyuwiun  3akiH4U8
IHcmumym KoM’ tomepHUX
Hayk ma  iHgopmauilHux
mexHosioeiti  HaujoHarnbHo20
yHigepcumemy “IlbgigcbKa
nonimexxika” 2006  poKy.
CmaHom Ha CbO200HI

HagyaembCs 8 acriipaHmypi.
Haykosumu  iHmepecamu €
po3rnodineHi obyucneHHs ma
mennoee rpoeKmMyesaHHs.

19



Dmytro Fedasyuk, Pavlo Serdyuk, Yuriy Semchyshyn / Computing, 2009, Vol. 8, Issue 3, 20-21

] computing@computingonline.net
J www.computingonline.net

ISSN 1727-6209
International Journal of Computing

SECTIONING OF HIGH DIMENSIONAL BANDED MATRICES

Dmytro Fedasyuk, Pavlo Serdyuk, Yuriy Semchyshyn

Lviv Polytechnic National University
12 S. Bandery Street, Lviv, 79013, Ukraine
e-mail: fedasyuk@Ip.edu.ua, serdpavlo@yahoo.com, 7th@ukr.net

Abstract: Solving high dimensional systems of linear algebraic equations is of use to many problems of mathematical
physics, in particular, it is one of the main subgoals at solving systems of equations in partial derivatives. Distributed
solving of high dimensional systems of linear equations allows to reduce computing time, especially in cases when these
matrices can not be kept in one computer's RAM. The subject of this study is the search of optimal high dimensional
matrices sectioning algorithms for distributed solving systems of linear algebraic equations.

Keywords: Sectioning, SLE, Distributed Computing, Thermal Design.

1. INTRODUCTION

Many problems of mathematical physics can be
described by a system of equations in partial
derivatives. After linearizing such systems with
numerical methods, problems come to solving the
systems of linear algebraic equations (SLE). The
dimensions of such systems can be so high that their
solution becomes difficult or impossible without the
use of special computing resources and tools [1, 4].

In turn, due to growing of need for powerful
computational resources and lowering cost of
distributed computing systems in comparison with
specialized computing clusters, the relevance of the
distributed computing systems has recently strongly
increased [2].

Sectioning banded matrix — splitting it into such
submatrices — sections, that fully include all nonzero
elements.

The problem of sectioning high dimensional
banded matrices appears, in the first place, if
distributed or parallelized SLE solving is necessary,
especially under conditions when the structure of
matrix, which describes the system, is irregular, or
unknown for some reasons [3].

Also need for matrices sectioning occurs in the
implementation of iterative SLE solving, such as in
paper [4] among others is mentioned splitting the
matrix into sections when iteratively solving SLE on
parallel systems with distributed memory, but details
of the sectioning algorithm are not described.

Need for matrices sectioning occurs also in
solving a number of specific tasks, such as designing
computational  processes anomalies  detection

systems, as mentioned in the paper [5], but no
descriptions of specific algorithms are provided.

In the paper [6] considered the solution of the
problem of finding the product of two real matrices
on clusters of the serial personal computers,
converted to a parallel system with shared memory
(organized by the hard disk with network access), in
particular, by using sectioning matrix multiplier.

Also solving of sectioned SLE by parallel system
with shared memory is considered in the paper [7].

In the paper [8] mentioned sectioning matrix for
parallel processing by the system with distributed
memory and support of MPI standard.

However, in all the works matrices sectioning
was not the main subject of research, but only one of
the aspects, and therefore investigation of sectioning
algorithms effectiveness was not presented.

The problem was stated and algorithms for high
dimensional banded matrices sectioning in order to
further distributed solving was developed for the
first time in this work.

2. SECTIONING PROBLEM STATEMENT

Obijective is to develop and compare algorithms
for high dimensional banded matrices sectioning.
The concept of sectioning and requirements to it
should be considered in more detail.

The sectioning, or partitioning to sections, is said
to be the finding for matrix A such natural vector
SeN™ of dimension m, which would
simultaneously satisfy both conditions:

e sum of sizes of sections should equal the

dimension of matrix A;

20



Dmytro Fedasyuk, Pavlo Serdyuk, Yuriy Semchyshyn / Computing, 2009, Vol. 8, Issue 3, 20-21

e any nonzero matrix A element must be inside
the square area formed by two consecutive
sections.

3. SECTIONING QUALITY CRITERIA

Since there may be many alternative sectionings
of the matrix, it is important to compare them among
themselves. The authors were invited to use these
three criteria for evaluating the quality of matrix
sectioning:

1) Sectioning smallness. Getting the most
amount of small sections is very important to
ensure flexibility of a SLE distributed solving,
provide the most expedient tasks for
performing systems and minimize total time
losses in distributed system.

2) Sectioning accuracy. Since the computational
complexity of full matrix of dimensions
nxn, which is, in the general case, each of
the sections, diagonalization algorithms is

O(ng), it is apparent that for maximum

performance of distributed system sum of
cubes of sizes of sections should be minimal.

3) Results precision. The results of solving the

same SLE divided into the sections by several
alternative methods may vary. If a reference
SLE solution X is known, the precision of the
results obtained by matrix sectioning X' can
be defined as the mean square deviation
(standard deviation) of vector X' from vector
X.

According to the proposed criteria for evaluating
quality of matrix sectionings allow comparison of
not only the alternative matrix sectionings, but
comparison of the entire sectioning algorithms too.

4. SECTIONING ALGORITHMS

During the investigation of possible approaches
to the high dimensional banded matrices sectioning
the authors have developed three different
algorithms, which are named according to the
principle of action One-Directional (OD),
Bidirectional (BD) and Adjustable (AD).

Each of three algorithms developed at each its
execution step combines two sections into one. For
each combining, all pairs of consecutive sections
remaining at the current step are iterated through.
Since the original sections count is n, then no more

than (n —1) combinings will be performed, for each
of which, on average, %(n —1) pairs of sections will

be iterated through. Therefore, the computational
complexity ~ of  algorithms  developed s

0((n-1)-4(n-1)) = 0(n-1)?) < 0(n?). And
S0 we can say that all algorithms developed have the
computational complexity that not exceeds O(n2 )

It should also be noted that, if necessary, first
step for each of these algorithms may be extended
with matrix rows and columns ordering using the
Cathill-McKee algorithm that will reduce the width
of the matrix band and, hence, improve sectioning
smallness and accuracy.

5. EXPERIMENTAL RESULTS

The testing of the developed algorithm was
performed with six different SLE tests with sparse
and banded matrices, such as SLE that arises in the
real problems of thermal design of electronic
devices. SLE tests consisted of 134, 1095, 1648,
3870, 6240 and 8192 equations.

During the test, sectioning for each of six test
matrices was obtained using each of three developed
sectioning algorithms. Then matrices were solved
locally and distributedly, using obtained sectionings.
For each of sectionings criteria cnt, sqr and dev was
calculated and total time spent for SLE solving were
determined.

All three matrices sectioning algorithms proposed
confirmed their effectiveness. Since they all have

computational complexity that not exceeds O(nz),

it may be expedient to use several sectioning
methods at a time and then select results that will be
most convenient for this case. If it is necessary to
choose a single sectioning algorithm, then
Bidirectional (BD) seems to be most promising.

6. CONCLUSION

We have stated and proved relevance of the
problem of high dimensional banded matrices
sectioning when solving SLE distributedly.

The proposed sectioning quality criteria —
sectioning smallness (criterion cnt), sectioning
accuracy (criterion sqr) and results precision
(criterion dev) — allow comparison of alternative
matrix sectionings, just as comparison of entire
sectioning algorithms.

One-Directional (OD), Bidirectional (BD) and
Adjustable (AD) algorithms for matrices sectioning
under research and development can perform
partitioning matrices to sections, and has computing

complexity that does not exceed O(n2 )

The experimental results proved the effectiveness
of all three developed matrices sectioning
algorithms, especially of Bidirectional (BD).
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