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Pesrome: Cucmema ¢pynxyiiu Yonwa € mynsmuniikamusnoioo epynorw cucmem @yukyiu Paoemaxepa i I'pes. B ceoemy
CKAA0I 6MIWYE OUCKPEMHO-2apMOHIUHI Sin-ckiadosi Qynxyiu Pademaxepa, cos-cknaoosi @yuryiti Ipes, a maxooic
OUCKPEMHO-He2apMOHIYHI  CK1adosi @yukyiu Yonwa. Bemanoeneno nonapny (azosy 63aeMoO3aNedCHICMb NOGHOL
cucmemu ynxyiu Yonwa. Ilodyoosano nidcucmemu Henapuux (Sin-cKiaoosux) ma napHux (cos-ckiaoosux) @yHKyii
Yonuwa sk 6asucu meopemuko-uuciosux nepemeopenv. Busnauemo nepcnexmugy Hacmynmux —OOCRIONCEHb
ehekmusHoCmi nepemeopers Yupposoi 06poOKuU CUSHATIE Y 3aNPONOHOBAHUX CUCMEMAX DYHKYIU.

Karwuosi ciioBa: yugposa obpodka, gpynxyii, Paoemaxepa, I pes, Yonwa, napui, nenapHi.
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Abstract: The system of Walsh functions is the multiplicative group of Rademacher- and Gray-function systems. The
system contains discrete-harmonic sin-components of Rademacher functions, cos-components of Gray functions, and
also discrete-nonharmonic components of Walsh functions. Pair phase interdependence of complete Walsh system
functions is established. Subsystems of odd (sin-components) and even (cos-components) of Walsh functions as bases of
theoretic-number transformations are constructed. The perspective of the future researches of transformations
efficiency for digital signal processing in the proposed function systems is defined.
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BCTYN muppoBoi TEXHIKM CTalla MOXJIHMBOI IPOCTa
peamizallis 1 IHITUX CHCTEM 3aJIeKHOCTEH, 30KpemMa
JUCKpETHO-HETapMOHIYHMX  (yHKHiH Yomma Ta
lanya [3,10-13], ski BOJOXIIOTH PO3MIMPEHUMH
(YHKI[IOHATPHIMH MOJJIMBOCTSIMH B TOPIBHSIHHI 3
JMACKPETHO-TAPMOHIYHUMHU CHCTeMaMu (QyHKITIH [12-
16]. MOXITUBOCTI TEXHIYHOI peanizamii CipUIMHUIN
MIBUOKUA ~ PO3BUTOK  MAaTeMaTHYHHX  OCHOB
TEOPETUKO-YUCIOBUX IIE€PETBOPEHb, IPYHTYIOUUCH
Ha SKUX Oynu peanizoBaHi LUQPOBI 3aco0u
¢dopmyBaHHs, 3B’s3Ky, inbTpanii, 00poOkwH,

Hudpoa oOpoOka MOBIAOMICHb € OJIHIEI i3
HaMOIbII Ba>KIMBUX CUCTEMHHX (QYHKIIiH, BUMarae
OCHOBHHMX 3aTpaT OOYMCIIOBAIBHOI IOTYXKHOCTI
KOMITFOTEPHU30BAHUX CHUCTEM, TOMY €()EeKTHBHICTH Il
3MIHCHEHHsS] € BUPINIAJHLHUM YHHHUKOM TEXHIiKO-
€KOHOMIYHOI OI[IHKK CUCTeM 00poOku manux [1-3].
IcTopuuro B sIKOCTI ©0a3MCHHUX B OCHOBHOMY
3aCTOCOBYBAJINCh TapMOHIYHI Ta  JTUCKPETHO-
rapMoHiuHi QyHKLII, SKi € MOXIAHUMH Sin- Ta Cos-

TapMOHIYHUX KOJHMBaHb, MO0 OYyJI0 3yMOBIEHO . . .
30epiranas MOB1JIOMJIEHD, 110 BOJIOHIFOTH

MIPOCTOTOIO TEXHIYHOI  peamizamii  AKiCHHX . .
. . 63,3I/ICHI/IX (1) HK]_I]ﬁ TMMOKpaICHUMHN TCXHIKO-CKOHOMIYHUMHU XapaKTCpUC-
TapMOHIYHUX TeHEepaTOpiB
P patop y TuKami [2, 3, 10-16].

uuppoBoi 006poOku curHamiB [4-9]. 3 poO3BUTKOM
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Xapaktep kepena  iHdopmariii  BU3HAYae
BJIACTHBOCTI (hopmoBaHOTO iHpopMaIiitHoTO
MOTOKY, SKHH MOXe OYyTH TpOoaHaJi30BaHUN UM
CHUHTE30BaHUIl 3a JONOMOIOI0 TINBKH IapHUX,
TINBKM HEMapHUX, YW OOHIBOX THIIIB CHCTEM
OasucHux ¢yHKIIH [2,4, 13, 14]. 3 iHmoro Ooky,
JianazoH TEOPETHKO-YUCIOBUX IEPETBOPEHb MOXKE
OyTH [ONaTKOBO INTYYHO aNanTOBaHUK  Tif
XapakTep TUIBKM TAapHUX YW TUIBKH HEMapHUX
cucreM ¢ynkuii [3, 14, 16]. Takum yuHOM, HpHU
nudpoBii  00poOIli  BXITHOTO TOTOKY JIaHUX
MOXIIUBO  3aCTOCOBYBaTH BHKIIOYHO CHCTEMH
napHux (Hampukinaa, GyHkoii ['pes) un HemapHHX
¢dbynkmiit  (mampukman, cucrema Pamemaxepa) i3
HEOOXITHICTIO 3a/IaHHS IMapaMeTpy (a3l CKIaI0BUX
(byHKI#, a00 X MOXHa 3aCTOCYBaTH CHUCTEMH, IO
BMIIIYIOTh SIK TAPHI TaK i HEMapHi CKIaa0Bi QyHKITT
(mampuxitan, muckpetHo-(a3oBy, Yomma, [amya i
T..) 0e3 MOXJIMBOI  HEOOXiMHOCTI  3aJaHHs
HYJTBOBUX (a3 BXIIHUX CUTHANIB, BHACTIJOK 4YOTO
3MEHIIYEThCS KUTBKICTH Omepariii Ha oO0poOKy
HYJbOBOI (a3u BximHoro curHaiy. [Ipore BHHHKae
3aBJaHHS  BH3HAYCHHS  ONTUMAIBHOTO  CIIiB-
BiJTHOIIIEHHS] OOYHCIIOBABHUAX 3aTpaT Ha 0OpOOKy
OO UM MEHIIOI KUIBKOCTI CKIIaJ0BUX Oa3sHMCHUX
cucteM (YHKIH Ta, BIAMOBIAHO, HEOOXIIHICTH
30iHCHEHHsI O00YMCIIEeHb, 3YMOBJCHUX 33JaHHIM
ITOYaTKOBO{ (pa3u CUTHAJIIB BXiTHOTO TOTOKY JaHHX.

Brmepmie BcTaHOBIIEHO, MmO TIOBHA CHCTEMa
¢yHKUIH Yonmia BMillye MOMAapHO iACHTHYHI MapHi
Ta HemapHi (QyHKOii i3 B3aeMHHM  (pa3oBHM
3CYBOM +71/2  mepiogy ~ BH3HAUEHHS  KOXHOTO
MOPSIAKOBOTO CKJIaAy. Taka BIAcTUBICTH JO3BOIISIE
3aCTOCOBYBAaTH cUcTeMy (YHKUIH IS TEOPETHKO-
YUCIIOBUX IIEPETBOPEHhL Ta MH(PPOBOI 00pPOOKH
CUTHAJIIB B TIOBHOMY Ha0Opi MapHUX Ta HEMapHUX
CKJIaZIOBUX, @ TaKOX JOJATKOBO B JABOX YAaCTKOBUX
BapiaHTaX — CHCTEMi TiIbKA TAapHUX YHA TUIBKU
HermapHuX  (QyHKOid. 3 METOW  HOJaJbIIoro
JOCIiKEHHS BCTaHOBJICHOT BJIaCTHUBOCTI
MpOaHANI3yeMO SIK OyayeThcs cuctema (QyHKIiN
Youma i SKuMH € X $a30oBi B3aEMO3AICKHOCTI.

1. AUCKPETHO-TAPMOHIYHI
CUCTEMU ®YHKUIN

[lpn TeopeTHKO-YNCIOBUX IMEPETBOPEHHSX, IO
TPYHTYIOTBCS Ha (yHKIIOHATHPHOMY aHami3i Ta
CHHTE3i, BPaxOBYIOTh KA psa1 mNapamerpis, i3
SIKHX, 3T1IIHO COPMYJILOBAHOTO 3aBAaHHS y BCTYIII,
MPOAHATIZYEMO KITbKiCTh (YHKIH B 0Oa3uicHOMY
Habopi Youmra Ta iX XapakTep MIOAO MapHOCTI YH
HEeMapHOCTi. SIk MoKa3ye MpaKTuKa, MpH HUPPOBIH
00poO0IIi cUrHaIiB, MO’KHA 32011 JUTH HA BUKOHAHH]
MIEeBHUX OIEpalliif, BpaXOBYIOUH XapaKTep CHTHAIY,
SKMA MiAIsrae  aHajmily Yd CHHTE3y. 30Kpema,
MpoaHaNli3yeMo crenudiky mno0yaoBH Oa3uCHUX

CHUCTEM [UIsI TEOPETHKO-YHCIOBHX IE€PETBOPEHB
(GYHKLIN MapHOTO Ta HENApHOTO THUIIB, 1[0 BUMAarae
HEOOXIMHOCTI  Ta  JOCTaTHOCTI  3aCTOCYBaHHS
BiJIIOBITHO 0a3MCHUX CHCTEM MAapHHUX Ta HEMapHHUX
¢GyHKUIH 0e3 HeoOXiTHOCTI BHUKOHAHHS ONepamii
(ha30BUX 3CYyBiB.

OpHuM 13 KJTacHYHHUX 0a3WCiB (PYHKIIOHAIEHOTO
aHanizy € 6asuc Pagemaxepa [1-6], sskuii CTaHOBUTH
OpPTOHOPMOBAHY CHCTEMY TUCKPETHUX (DyHKIIIN

Rad (n,0) = sign [sin 2", 6], (D

ne i=0,1,2, .., n—nopiakoBuii HOMep (PYHKIIII,
6 — mapametp yacy, TOOTO Yac, HOPMOBAHHU IO
iaTepBany 1: @=1t/T, ne t — TMOTOYHE 3HAYCHHSI
yacy, n =Jlog;N — mopsnok Habopy Oa3ucHUX
GYHKIIH ~ TEOPETUKO-YHMCIOBHX  MEPETBOPCHb,
N — MOIYJTh IIJIOYNCIICHUX 3HAYCHB 0a3HUCy.

1 npu x(t)>0
Signx(t)z -1 npu xt)<0,
0 npu x(t)=0

s nosicHeHHs xapakTepy cucteMu Panemaxepa
Ha puc. | 300paxeno nepui yotupu Qyskmii 0 — 3-
TO TOPSAIKIB.

Rad(0,6

Rad(1,6)

Rad(2,6)

Rad(3,6)

Puc. 1 — Cucrema ¢yukuiii Pagemaxepa

I3 gpopmynu (1) Ta puc. 1 cmig 3BepHYTH yBary,
mo ¢yukmii Pamemaxepa € Tak 3BaHUMH “dUCTAMH
SIN-CKJIaJIOBUMH, SIKI 3MIHIOIOTh CBO€ 3HAYCHHS Y
toutti =0. [HmmMu crnoBamu, Gazmc Pagemaxepa
CTAHOBJIITh HEMapHi (yHKIIl, MO XapaKTepu3y-
FOTHCS 3aJICIKHICTIO

F () =-F (1.

3a JOMOMOroI0 Takoro Ckjiagy 0e3 I0IaTKOBUX
omeparliii (a3oBOro 3CyBy MOXKHA aHANi3yBaTH 4Yd
CHUHTEe3yBaTH (DYHKITI{ HETTAPHOTO THITY.

3 inmoro 0oky, Bigomuii 6azuc ['pes [12, 13, 16],
SAKUH YTBOPEHUH 3aJIEKHICTIO

Gry (n,0) = sign [cos 2"m,0],

nepari 9otupu ¢GyHKHIT 0 — 3-ro MOPSAAKIB SKOTO
300paKeHO Ha PUCYHKY 2.
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Gry(0,8)
Gry(1,8)

Gry(2,0

Gry(3,0)

Puc. 2 — Cucrema ¢ynkuiii I'pest

Ha Binminy Bix 6a3ucy Pagemaxepa, 6asuc ['pes
€ cucteMoro (YHKII Tak 3BaHHUX ‘““4UCTUX’ COS-
CKJIAJIOBHX, III0 MAlOTh XapakKTep MapHUX (PYHKITIH,
TOOTO

F(-t)=F (1.

Tomy 3a ponomororo Qynkuii ['pes 0e3
JNOAAaTKOBHX omepanii (a3o0BOoro 3cyBy MOKHa
3iHCHIOBATH aHaNi3 QYHKIIH THITY TAPHUX.

[Ipore, sKIIO Ha NPaKTHIIl  MiUIATAIOTh
(yHKUIOHATBHOMY pO3KJIagy sK HapHi, Tak i
HenapHi (yHKII, HEOOXimHO 3AIMCHUTH BUOIp

OJTHOTO i3 HACTYITHUX PIIlICHb.

Bimomo, 1o HemapHi, 4M Sin-CKJIaj0Bi, a TaKOK
MapHi, E0’ COS-CKIIaIoBi, BOJIOJIIOTH
B3AEMO3AIECKHICTIO (Da30BOTO 3CYBY IS KOXKHOTO i3
NOPSIIKIB Ha 3HauYeHHs1 £7/2. ToMy mepuie pimieHHs
oJisirae 'y BUOOP1 OJHOTO JOBUIBHOTO 13 MAPHUX YU

HemapHuUX 0a3WCiB  Ta  3[diliCHEHHI  omeparii
(hazoBoTO 3CYBY.
Inme pimeHHs mnojsrae 'y BHOOpI €IMHOTO

cyMmimeHoro ©Oa3mcy 13 TMapHHX Ta HEMapHUX
(dhyHKIii 6€3 HeOOXiTHOCTI TMOTOHKEHHS iX HYJIHOBOT
¢dazu Ha 3HaueHHs +m/2. ABTOpoM BIepIe
3aIpPONIOHOBAHUH 0azuc TUCKpPETHO-(ha30BUX
dbyukmiin [15, 16], mo cuHTE30BaHU 13 0a3uCiB
napHux Qiakmid 'pes Ta HemapHux (QyHKIiH
Pagemaxepa HacCTyMHUM YHHOM:

DF(n,0,i) = Rad (n,0)= S.ign[sin 2"r7,0] .
Gry (n,0)=sign[cos 2" ,0]

Tomy nnst npuknany n = 3:

DF(0,6,0) = Rad (0,0) = sign [sin n,0],

DF(0,6,0) = Gry (0,0) = sign [cos =,0],

DF(1,6,0) = Rad (1,0) = sign [sin 2,6,
DF(1,6,2) = Gry (1,6) = sign [cos 2m,0],
DF(2,0,0) = Rad (2,0) = sign [sin 4r,0)],
DF(2,60,1) = Gry (2,0) = sign [cos 47,0,
DF(3,0,0) = Rad (3,0) = sign [sin 8,6,
DF(3,0,i)) = Gry (3,0) = sign [cos 8r,0)].

Ha puc. 3 300pakeHo pUKIaa HepmuX GyHKIH
0 — 3-ro mopsaKiB TUCKPETHO-()Aa30BOT0 Oa3UCy.

JocaimkeHHst e)eKTUBHOCTI 3aCTOCYBAHHS BHIIE
OKPECIICHUX JIBOX pIlIeHb BHUXOMATh 33 PaMKH
JAHOTO MaTepialy, [0 BH3HAYAE TMEPCICKTUBY

MMOJANBINX MOCTIKEHb 1 Oyae OIyOJIiKOBaHO B
MaliOyTHHOMY.

Dy(0,6,0)
Dyf(1,60)
Dy{(1,6,2)

Dyf(2,6,0)
Dyf(2,61)

Dyf(3,6,0)
Dyt(5,61)

Puc. 3 — Cucrema auckperno-ga3oBux QGyHKIii

Martepian monepeaHix po3/iTiB MO0 KIACHIHUX
basuciB Pagemaxepa Ta I'pes, a Takox TIOIO
3alpOMOHOBAHOTO  0a3uCy  AHMCKPETHO-(Pa3zoBUX
GYyHKIIN 103BONIsIE TEpeHTH 10 (YHKIIOHATBHUAX
BIIACTUBOCTEH Ta aHajizy e(heKTUBHOCTI
3acTocyBaHHs 0azucy Youma.

2. CUHTE3 CUCTEMU ®YHKLIA YOJLLA

Basuc VYomma 0yB pospobnenuit y 1923 pori
[7,11,12] Ta B HacTymHOMy HaOyB IIMPOKOTO
3aCTOCYBaHHS 3aBISKH IOTYKHOMY (DYHKITIOHAJIh-
HoMy ckmany [11-13, 16]. Po3poOieHi Ta mupoko
3aCTOCOBYIOTh TaKOX CHCTeMH QYHKUiH Younma,
BrOpsiakoBaHi 3a Yommewm, Ilem, Amamapom, uum
IHIITUM YMHOM, KOKCH 13 HUX BMIIlye iHBapiaHTHHIA
noBHuil HaOlp ¢yskuid [12, 13, 16], ToOTO €
MOBHOIO MYIIGTHUILTIKATUBHOIO TPYIIOK CKJIAJOBHX
cucteM (ynkmiit Pagemaxepa ta I'pes [16]. Hmwxkae
HaBEJIEHO TMPOLEAYypy AHMCKPETHOTO  TPUTOHO-
METPUYHOTO CHHTe3y (yHKUIiH Oasucy VYouma
Wal(n,0,i), BnopsaxoBaHoro 3a Yoimem, 3a
basucamu Panemaxepa Rad(n,0) ta I'pes Gry(n,0).

Wal(0,0)=Rad(0,0)=sign[sinm]=
=Gry(-1,0)=sign[cosn/2],
Wal(1,0,1)=Rad(1,0)=sign[sin2n]=
=Gry(0,0)=sign[cosm],
Wal(1,0,2)=Rad(1,0) Rad(2,0)=
=sign[sin2n] sign[sindn]=Gry(1,0)=sign[cos2n],
Wal(2,6,1)=Rad(2,0)=sign[sin4n]=
=Gry(0,0) Gry(1,0)=sign[cosn] sign[cos2m],
Wal(2,6,2)=Rad(2,6) Rad(3,6)=
=sign[sin4n] sign[sin8n]=Gry(2,0)=sign[cos4n],
Wal(3,0,1)=Rad(1,0) Rad(2,0) Rad(3,0)=
=sign[sin2m) sign[sin4n) sign[sin8n]=
=Gry(0,0) Gry(2,0)=sign[cosn]| sign[cos4m),
Wal(3,0,2)=Rad(1,0) Rad(3,6)=
=sign[sin2mn) sign[sin8n]=
=Gry(1,0) Gry(2,0)=sign[cos2n] sign[cos4m],
Wal(3,0,3)=Rad(3,0)=sign[sin8n]
= Gry(0,0) Gry(1,0) Gry(2,0)=
=sign[cosm] sign[cos2mn] sign|[cos4n],
Wal(3,0,4)=Rad(3,6) Rad(4,6)=
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=sign[sin8n) sign[sinl 6n|=Gry(3,0)=sign[cos8n)],
Wal(4,0,1)=Rad(1,6) Rad(3,6) Rad(4,0)=
=sign[sin2mn) sign[sin8n] sign[sinl6mn]=
= Gry(0,0) Gry(3,0)=sign[cosn] sign[cos8n],
Wal(4,8,2)=Rad(1,0) Rad(2,0) Rad(3,0) Rad(4,0)=
= sign[sin2mn) sign[sindmn) sign[sin8n] sign[sinlo6m]=
=Gry(1,0) Gry(3,0)=sign[cos2m] sign[cos8n],
Wal(4,0,3)=Rad(2,0) Rad(3,0) Rad(4,60)=
=sign[sindm) sign[sin8n) sign[sinl6m]=
=Gry(0,0) Gry(1,0) Gry(3,0)=
=sign[cosn] sign[cos2m] sign[cos8n],
Wal(4,0,4)=Rad(2,6) Rad(4,0)=
=sign[sindm) sign[sinl6m]|=
=Gry(2,0) Gry(3,0)=sign[cos4n] sign[cos8m],
Wal(4,0,5)=Rad(1,6) Rad(2,6) Rad(4,60)=
= sign[sin2n) sign[sin4n] sign[sinl6m]=
= Gry(0,0) Gry(2,0) Gry(3.0)=
=sign[cosn] sign[cos4m] sign[cos8n].
Wal(4,0,6)=Rad(1,0) Rad(4,0)=
=sign[sin2m) sign[sinl6m|=
=Gry(1,0) Gry(2,0) Gry(3,0)=
=sign[cos2m) sign[cos4n] sign[cos8m],
Wal(4,0,7)=Rad(4,0)=sign[sinl6m]=
= Gry(0,0) Gry(1,0) Gry(2,0) Gry(3,0)=
=sign[cosm] sign[cos2n] sign[cos4m] sign[cos8n].

Oynkuii Yomima, BHOpsakoBaHi 3a Youmem, ado
4acToCTi, IO 300pakeHi Ha pwuc. 4, BMIIIYyIOTh B
CBOEMY CKJaai AWCKPETHO-TApMOHIYHI  (QyHKIIIT
cucrem Pagemaxepa ta I'pes, a TakoX OpUTiHATBHUHA
Ha0ip MyJIbTUILIIKOBAHUX JUCKPETHO-HEPETYIISIPHUX
dbyukmiin Yomma Wal(n,0,i).

Wal(0,6) E

Wal(1,61)

Wal(1,6,2)

Wal(2,0,1)

Wal(2,8,2)

Wal(3,6,1)

Wal(3,0,2)

Wal(3,8,3)

Wal(3,64)

Wal(1,0,1)

Wal(4,8,2)

Wal(4,8,3)

Wal(1,0,4)

Wal(4,8,5)

Wal(4,8,6)

Wal(4,0,7)

Puc. 4 — Cucrema dyHkuii Yomama

3. BIACTUBICTb ®A30BOI B3AEMO-
SANEXHOCTI CUCTEMU YOIJILLA

Sxmo ¢dyukmii Pamemaxepa i I'pess B ckiami
Oasucy VYosma yTBOPIOIOTh TIOBHI  CHCTEMH
JUCKPETHO-TAPMOHIYHUX (QYHKLiH, TO BHOIPKOBi
JIUCKPETHO-HEPETYISPHI (DYHKIT TeX YTBOPIOIOTH
BIJIIIOBITHO TIAPHI Ta HEMapHi CkiaaoBi O0azucy. s
npuKiIagy cucteMud (yHKOiH Yomma dYeTBepToro

MOPAIKY (puc. 5) BU3HA4YCHA HACTyIIHa
(ha30Ba B3a€MO3AJICIKHICTD:
Wal (0,0) = sign[sinn]=sign[cosn/2]
Wal(1,6,1) = Wal(1,6,2) + m/2,
Wal(1,6,2) = Wal(1,6,1) — /2,
Wal(2,6,1) = Wal(2,6,2) + /4,
Wal(2,6,2) = Wal(2,0,1) — /4,
Wal(3,6,1) = Wal(3,0,2) — n/2,
Wal(3,8,2) = Wal(3,6,1) + /2,
Wal(3,0,3) = Wal(3,0,4) + n/8,
Wal(3,6,4) = Wal(3,6,3) — n/8,
Wal(4,6,1) = Wal(4,0,2) + m/2,
Wal(4,8,2) = Wal(4,6,1) — 7/2,
Wal(4,6,3) = Wal(4,0,4) — /4,
Wal(4,6,4) = Wal(4,0,3) + /4,
Wal(4,8,5) = Wal(4,6,6) —7/2,
Wal(4,6,6) = Wal(4,0,5) + m/2,
Wal(4,6,7) = Wal(5,0,1) + m/16,
Wal(5,0,1) = Wal(4,6,7) — n/16.
Wal(o’e) I 1 | 1 1 1 1 | |
Wal(1,61) I ; 1 I S ; 1 |
Wal(1,62) | ! l/l'—m' I ! |
Wal(2,6,1) ’—'l R I
Wal(2,6,2) ! ! !
I L | Y I i
Wal(3,6,1) | II ! I I I ! I |
Wal(3,62) [=] | e ]
| [ | [ 2] | | I
Wal(3,6,3) | -
o PPV PPV T
—T
wali4,01y [ | ] [ !
= | |
Wal(4,62) [ | [
[T 11 —n/2 [
Wal(4,63) [ ] [] | ] 1 | I\_\.,i
wal(4,64) [
L1 1 | Y| [
Wal(4,65) [_] I:IL I . [ !
Wal(4,8,6) m
L O 2

Wal(d,67) [

Puc. 5 — ®a3zoBa B3aemo3ajexuicTb pyHkuii Yosma
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4. NAPHI TA HENAPHI NIACUCTEMU
CUCTEMU ®YHKUIN YOJILLA

I3 HaBemeHoro crimamy GYHKIOIH IDITXOM
EKCTpAKIIi $in-CKJIaJJOBUX MOXKHA TOOYyBaTH IijI-
cucreMy  ¢QyHKIiH  Yonmma 3a  HENApHUMH
hyHKIiITMU

Wal(0,0) = Rad(0,0),
Wal(1,6,1) = Rad(1,9),
Wal(2,6,1) = Rad(2,0),
Wal(3,0,1) = Rad(1,0) Rad(2,0) Rad(3,0),
Wal(3,0,3) = Rad(3,0),
Wal(4,6,1) = Rad(1,0) Rad(3,0) Rad(4,9),
Wal(4,0,3) = Rad(2,0) Rad(3,0) Rad(4,0),
Wal(4,6,5) = Rad(1,0) Rad(2,0) Rad(4,0),
Wal(4,6,7) = Rad(4,9),

I'padiune 300pakeHHA Takoi  MiACHUCTEMH
¢dbyskmiit Younma 300paxeno Ha puc. 6.

Wal(0,6)

Wal(1,61)

Wal(2,61)

W=l(3,61)

Wal(3,6,3)

Wal(4,0,1)

Wal(4,6,3)

W=l(4,6,5)

Wel(4,67)

Puc. 6 — Cucrema Sin-ckiagoBux ¢pyHkuUii Youma

Hwxye 37iiCHEHO EKCTpakLilo COS-CKIaJ0BHX
cucreMu GYHKIIM Youia 3a mapHUMHU (YHKITISIMH.

Wal(0,6,1) = Gry(-1,0),

Wal(1,0,1) = Gry(0,0),

Wal(1,0,2) = Gry(1,0),

Wal(2,6,2) = Gry(2,0),

Wal(3,0,2) = Gru(1,0) Gry(2,0),
Wal(3,0,4) = Gry(3,0),

Wal(4,0,2) = Gry(1,0) Gry(3,0),
Wal(4,0,4) = Gry(2,0) Gry(3,0),
Wal(4,0,6) = Gri(1,0) Gry(2,0) Gry(3,0),
Wal(5,0,1) = Gry(4,0),

I'padiune 300parkeHHS CHCTEMH COS-CKIalOBHX
(dbyuKIii Yorma HaBeeHO Ha puc. 7.

VY BcsAKOMY JOBITBHOMY IOBHOMY Oa3MCHOMY
Habopi QyHKOii VYomma s KOXHOTO i3
MOPSAJKOBUX IO 7 3HAYeHb MAKCHMAJIbHUH CTYIiHB
TUCKpETH3allii 3a yacoM abo0 MiHIMaIbHHHN KpOK 6O

cranoButh A60,=7r/2"! i3 BciMa 3HaueHHAMH
n40, = n7r/2"'1, Ui TOpsinKiB n =n, n-1, ..., 1, 0, a
TaKOX 13 TIOBHUM JIOMIOBHEHHSM 0a3ucy HabopoM
(GYHKIH MOJOMIIMX TOPSAKIB i 13 BigNOBIIHUMH
JMIUCKPETHUMHU 3aMTOBHEHHSIMU A9i=7r/2i’1, e s
KOKHOTO

ni=n-1,..1,0.

Wal(0,6)

Wal(1,61)

Wal(1,82)

Wal(2,82)

Wal(3,82)

Wal(3,84)

Wal(4,82)

Wal(4,6,4)

Wal(4,86)

Puc. 7 — Cucrema cos-ckianoBux pyHkuin Youma

Excrpakuieto BiacHe sin- Ta cos-CKIAAOBUX 13
nmoBHoro Habopy ¢yHkIin VYomma BriIydaemo
cuctemMu ¢GyHKIIA Pamemaxepa Ta I'pes, Ha OCHOBI
YOro MOKHa TBEPAMTH, 110 Oa3zuc Youra BMIMIye
MOBHI JTUCKpETHO-rapMoHiuHI Oaszucu Pagemaxepa
Ta I'pes, a Takox HaOip OUCKPETHO-HEPETYJIIPHUX
GyHKINA, SKI € TIOBHOI MYJBTHILIIKATHBHOIO
cucremoro ¢pyHkuiii Panemaxepa um ['pes.

BHacnizok BuIlleHaBeIEHHX BHUKIAIOK MOXKHA
TBEPIUTH, 10 O6a3uc Youa € IOTYKHOK CHCTEMOIO
GyHKUIH 1 [03BOIIsIE €DEKTUBHO 3/1HCHIOBATH aHai3
JOCHIpKyBaHuX 3anexxHoctet. [Ipote, 6azuc Yomma
BOJIOZi€ 3HAYHOI (PYHKIIIOHATHHOIO Oa3MCHOIO
HaJJTMIIKOBICTIO, 3yMOBJICHOIO THUM, IIIO TOTY>KHICTh
Gasucy cranosuth P =N’ [17]. Ha cporommimmiii
JeHb SK OinbIl  eexTHUBHI Bimomi OasmcHi
BriopsaKyBaHHs ['amya [12, 13, 16], mepexin 1o sSKAX
1 moOynoBa cucteM (QyHKIiH 3AiHCHIOETECS 3 6a3ucy
VYonma 3a  [0MOMOTOI0  TEOPETUKO-YHCIOBUX
MEPETBOPEHDb. SIK TEPCIEKTHUBY MOCHIHKCHD CIIif
BU3HAYWTH, II0, AHAJOTIYHO O BIIOPSAKYBaHHS
¢yHKUIH Yomma 3rijHO BiIOMUX HpaBwil Youia,
[emi, Anamapa [6, 7, 11, 12, 16], Brepie BBOAUTHCS
AITOPUTM PEKYPCUBHOTO BIOPSAKYBaHHS (DYHKITiH
VYonma, sKi yTBOPIOIOTH Kilbka HOBHX Oa3MCHHUX
BIIOPSIAKYBaHb, Ha OCHOBI 4YOTO0 CHHTE3YIOThCS
cucremu GyHkmin ["amya.

5. BUCHOBKHU

BusnaueHo, mo cucrema ¢QyHkiid Yomma €
MOBHOIO  MYJITHIUTIKATUBHOIO TPYNOI  CHCTEM
¢yskmin  Pagemaxepa Ta ['pes. BcranoBieHo
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BJIACTUBICTH ()a30BOi B3a€EMO3aJIC)KHOCTI CKIIAIOBUX
GyHKIIH TO0 mapax OJHAKOBUX IOPSIKIB, IO
JNO3BOJIWJIO  3OIMCHUTH X  TpymyBaHHS  Ha
migcucTeMu (QYHKIH TapHOTO (Sin-CKiIamoBi) Ta
HenmapHOro (cos-CkjiamoBi) TumiB. BusHaueHo B
CKJIaZiax KO’KHOTO 3 TUIIB AUCKPETHO-TAPMOHIYHI Ta
TUCKPETHO-HErapMOHIYH1 Habopu CUCTEMH
(dyukmiid. KokHa i3 migcrcreM QYHKITIH MapHOTO M
HEMapHOro THIIB MOXe OyTH BUKOPHCTaHA B SKOCTI
cucreMu OasucHUX (yHKUIH B mudposiit 0OpoOI
curHaimiB. CTaTTS Mae TOCTAHOBOYHHH Xapakrep,
BH3HA4Ya€ BJIACTUBICTh (PA30BOi B3aEMO3AJICHKHOCTI
BIIOPSIAKYBaHb (YHKUIN Youmia, sKa, B CBOIO Yepry,
BH3HAYa€ HANPAMOK TOJAIBIIOTO JIOCHIHKEHHS
edhekTHBHOCTI Ta  crmenudikd  3aCTOCYBaHHS
3allpONIOHOBAaHUX CHCTeM (YHKLIH MNapHOrO 4YH
HEMapHOTO THITB, Ta TOBHOTO 0a3ucy Yomma B
nudpoBiit 0OpoOIli CHTHATIIB HA OCHOBI TEOPETHUKO-
YHCIOBUX TIEPETBOPEHbD.
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Abstract: The system of Walsh functions is the multiplicative group of Rademacher- and Gray-function systems. The
system contains discrete-harmonic sin-components of Rademacher functions, cos-components of Gray functions, and
also discrete-nonharmonic components of Walsh functions. Pair phase interdependence of complete Walsh system
functions is established. Subsystems of odd (sin-components) and even (cos-components) of Walsh functions as bases of
theoretic-number transformations are constructed. The perspective of the future researches of transformations
efficiency for digital signal processing in the proposed function systems is defined.

Keywords: Digital processing, function, Rademacher, Gray, Walsh, even, odd.

Digital data processing is one of the basic IT
systemic functions, which requires the allocation of
the most computing power, so the effectiveness of
its implementation is the key factor in the technical
and economic evaluation of data processing systems.
The development of digital technology also enabled
an easy implementation of the system functions,
including discrete-non-harmonic Walsh and Galois
functions, which have an extended functionality,
compared to discrete-harmonic function systems.
The possibility of technical implementation led to a
rapid development of mathematical, theoretical and
numerical processing, on the basis of which systems
were developed, including digital formation,
transmission, filtering, processing, compression and
storage of data with expanded or improved technical
and economic parameters.

The nature of an information source determines
the properties of the formed information stream,
which can be then analyzed, using only even
functions, only odd ones or both types. On the other
hand, the range of the theoretical and numerical
processing may be artificially matched with the
nature of only even or odd function systems. Thus,
when digital processing of input stream date takes
place, only even function systems may be used (e.g.
the Gray function system) or odd ones (e.g., the
Rademacher function system), with the necessity to
preset the phase parameter of component functions,
or one can use a system containing both even and
odd function components (e.g., a discrete-phase,
Walsh, Galois ones, etc.) without having to preset

any zero input signal phases, which leads a reduction
in the number of operations in the processing of an
input signal zero phase.

For the first time, studies showed that a Walsh
function complete system contains the same pairs of
odd and even functions, with mutual phase shift of
+7/2, in the period of component pair definition for
each function order. This feature allows the use of a
function system to carry out theoretical and
numerical processing, as well as digital signal
processing in a full set of odd and even components,
and additionally in two partial options — a system
containing only even or odd functions. In order to
determine the direction of further research, we will
examine how Walsh functions are formed and what
their mutual phase interactions are.

With theoretical and numerical processing that is
based on functional analysis and synthesis, one
should take into account a number of parameters, of
which, according to the problem formulated in the
introduction, we shall analyze the number of
functions in a basic Walsh set, and their nature,
concerning their evenness or odd parity. In the
practice of digital signal processing, one can save on
some operations due to the nature of the signal that
is subject to analysis and synthesis. In particular, we
shall examine the structural specificity of basis
function systems that are even and odd, for
theoretical and numerical processing, which requires
the necessity and sufficiency to use respectively
systems of even and odd functions, without having
to perform phase shifts.
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Walsh functions arranged according to Walsh, or
according to frequency (Figure 4) include discrete
harmonic Rademacher and Gray functions, and the
original set of discrete-irregular, multiplied Walsh
functions Wal(n,0,i). For example, for a fourth-order
Walsh function system (Figure5) the following
phase interdependency was defined:

Wal (0,0) = sign[sinnt]=sign[cosn/2]
Wal(1,6,1) = Wal(1,0,2) + 1/2,
Wal(1,6,2) = Wal(1,0,1) — /2,
Wal(2,6,1) = Wal(2,0,2) + /4,
Wal(2,6,2) = Wal(2,0,1) — n/4,
Wal(3,6,1) = Wal(3,0,2) —n/2,
Wal(3,6,2) = Wal(3,0,1) + m/2,
Wal(3,6,3) = Wal(3,0,4) + /8,
Wal(3,6,4) = Wal(3,0,3) — n/8,

In the above analyzed, complete function system,
due to sin-component extraction, we may obtain a
subsystem of odd Walsh functions. Figure 6 shows
time diagram charts for the odd Walsh function
subsystem. Figure 7 shows graphs of cos-subsystem
of even Walsh function.

Based on the above results, it can be stated that
the Walsh function base is an advanced function
system that allows the effective implementation of a
functional analysis. However, the Walsh system is
characterized by a relatively high functional
redundancy due to the fact that the IT power of the
function base is P =N’. Today, more efficient
systems are known as the Galois function, the
transition to which and the creation of whose basic
function systems is carried out by theoretical and
numerical transformation of the Walsh base. A
research perspective should be that after the analogy
of Walsh function systems, arranged by well-known
principles of by Walsh, Paley, and Hadamard, a new
principle willl be introduced for the first time, i.e.
recursive ordering of the Walsh function, on whose
basis several new basic Walsh function systems will
be created, which in turn are the basis for the
synthesis of Galois function systems.

For the first time, the property of phase
correlation of function components in pairs of the
same order was established, which allowed their
grouping in sub-systems of even type (sin-
components) and odd (cos-component) functions. In
systems of each type, we defined discrete-harmonic
and discrete-irregular sub-functions. The study topic
has an analytical character, explaining the new
tested property of the phase correlation in the Walsh
function system, and Gray and Rademacher
functions in it, which in turn determines the
direction of further research on the effectiveness in
the application of these systems in functional
analysis of IT processes and digital signal
processing.

REFERENCES

[1] J.G. Proakis, Digital Signal Processing:
Principles, Algorithms, and Applications,
Pearson Education, 2007, 1156 p.

[2] S.W. Smith, Digital Signal Processing:
A Practical Guide for Engineers and Scientist,
Newnes, 2003, 650 p.

[3] R.E. Blahut, Fast algorithms for digital signal
processing, Addison-Wesley Pub. Co., 1985,
441 p.

[4] M.G. Karpovskii, E.S. Moskalev, Spectral
Methods for Analysis and Synthesis of Discrete
Tools, Leningrad, Energiya, 1973, 144 p.
(in Russian)

[5] H. Rademacher, Einige Satze von allgemeine
Ortogonalfunktionen, Math. Annalen, N 87,
1922, pp. 122-138.

[6] R.E.A.C. Paley, A Remarkable Series of
Ortogonal Funktions, Proc. London Math. Soc.,
1932, (2)34, pp. 241-279.

[7] J.L. Walsh, A closed set of ortogonal functions,

American Journal of Mathematics, 1923,
Vol. 45, pp. 5-24.
[8] A. Haar, Zur Theorie der ortogonalen

Funktionsysteme, Math. Ann., Vol. 69, 1910,
pp- 331-371, Vol. 71, 1912, pp. 38-53.

[9]1 B. Gold, C.M. Rader, Digital processing of
signals, McGraw-Hill, 1969, 269 p.

[10] A.V. Oppenheim, Discrete-Time  Signal
Processing, Pearson Education, 2006, 864 p.

[11] B.I. Golubov, A.V. Efimov, V.A. Skvorcov,
Walsh series and transformations: Theory and
applications, Moscow, Nauka, 1987, 343 p.
(in Russian).

[12] L.A. Zalmanzon, Fourier, Walsh and Haar
transformations and their application in
management, communications and other areas,
Moscow, Nauka, 1989, 496 p. (in Russian).

[13] L.V. Varichenko, V.G. Labunec, M.A. Rakov,
Abstract algebraic systems and digital signal
processing, Kiev, Naukova Dumka, 1986,
248 p. (in Russian).

[14] L.R. Rabiner, B. Gold, Theory and Application
of Digital Signal Processing, Prentice Hall,
1975, p. 762.

[15] L.B. Petryshyn, Digital messages processing in
Galois basis, Ivano-Frankivsk State Technical
University of Oil and Gas, Ivano-Frankivsk,
1996, 89 p. (in Ukrainian).

[16] L.B. Petryshyn, Theoretical bases for form
transformation — and  information  digital
processing in Galois basis, Kyiv, 1ZiIMN
MON, 1997, 237 p. (in Ukrainian).

[17] V.M. Mutter, Bases of noise stable information
telecast, Moscow, Energoatomizdat, 1990,
288 p. (in Russian).

132





