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Pe3rome: Pozensinymo mamemamuyty Mooeib peaibHOl eHYUKOL RPYJICHOT cucmemu 3 po3noOileHUMU ma OUCKPEemHUMU
napamempam, SIKa A671A€ cO00I0 PIBHAHHA Y YACHMUHHUX NOXIOHUX 3 HEKAACUYHUMU epanudHumu ymosamu. CKiaouicme
2PAHUYHUX YMO8 POOUMb HEMOICIUBUM 3HAXOONCEHHS MOYHO20 AHANIMUYHO20 PO36 A3KY MAKOi epanuunoi 3aoaui, y
36 A3KY 13 4UM 071 O0CNIOAHCEHb BUKOPUCAHO YUCETbHUL MemMO0 HOPMATbHUX (YHOAMEHMATbHUX CUCTEM PO38 A3KI6.
JlocniooceHo 3anedxcHicmb Yacmom MONCIUBUX KOIUBAHL 6I0 pisHUX izuunux napamempie cucmemu. Ilokazawno, wo
68e0E€HHS 8 CUCMEMY 360POMHbLO2O 36 A3KY 3a WEUOKICIIO 3 GUSHAYEHUMU 3HAYEHHAMU KoepiyicHmy 360pOMHbLOZO
38 "A3KY 0036015€ KOHMPOMIOSAMU YACMOMHUL CHEKMP, 8 AKOMY MOICIUBE 30Y0HCEHHS KOIUBAND.

Kuaro4oBi cioBa: — cucmemu 3 posnoodineHumu ma OUCKpemHUMU NAPAMEMPAMU, KOTUBAHHS, YUCETbHI MEMOOU.

1. BCTYN

Ha croromuimHiii neHb AWHAMIYHI CHUCTEMH 3
PO3MOAIIEHUMH Ta AWCKPETHHUMHU IapaMeTpamMH €
NONIMPEHUMH Yy  BaXKiil, TipHHYOAOOYBHIN 1
nepepoOHill MPOMUCIOBOCTI, a TaKOX Y KOCMIYHIiN
TexHimi [1-4]. ¥V Takux cucremMax MOXYTh BHHUKATH
pi3HI CKJIamHI TUHAMIYHI TPOIECH, Y TOMY YHCII 1
BiOpallii, sKi 3aBXJIM HEraTMBHO BIUIMBAIOTH Ha
HOpManbHe (YHKI[IOHYBaHHA, a JEKOJIW HaBiTh
MO’KYTb IIPUBECTH O PYyIHYBaHHS CUCTEMH.

ToMy METOI0 JaHOTO AOCIHIKEHHS € BHUBUCHHS
MOJKJIMBUX BiOpalLiil y TaKMX JUHAMIYHUX CHCTEMax
3 PO3MOAUIEHUMH Ta AUCKPETHHMH IapaMmeTpami,
SIK KOCMIYHI JIiTAl04Yi anapaTH BEJMKHX Ta0apuTiB 3
THYYKHMH MPY>KHUMH €JIEMEHTaMH, a TaKOXK MOLTYK
MO>KJIMBOCTEH 3MEHIICHHS IIKIUIMBOI Aii KOJIMBaHb
Ha (QYHKIIIOHYBAaHHS TaKUX CHCTEM.

TexHiyHI BHUMOIM JO KOCMIYHHMX JITAFOYHX
anapaTiB (HampuKIajd, IIOJO0 PETYNIOBaHHA (HOpMHU
Ta TOYHOCTI OpPIEHTYBaHHA KOCMIYHHMX aHTEH)
nepeadayvaroTh, M0 Y TAKAX THYYKHX KOHCTPYKIIISX
HETIPUITYyCTUME BUHUKHEHHS iHTCHCHUBHHX BiOpariil.
Jis yHUKHEHHS BiOpalliil y TeXHIYHIX CUCTEMaXx, SIK
[IPaBUJIO, BUKOPHUCTOBYIOTh IACHBHE AEMII(YBaHHSI
KOJIUBaHb, OJHAK >KOPCTKI TEXHIYHI BHMOTH JIO
KOCMIYHHX arnapariB O0OyMOBJIOIOTH 1HIII METOAU
0opoTHOHU 3 BiOpaIlisIMH.

ToMy ocTaHHIM dYacoM pO3pOOJISIOTECS Pi3HI
CHUCTEMH aKTUBHOTO KOHTpomto konuBaHb [1]. Ilpu
IbOMY HEOOXiZHO PO3B’sI3yBaTH AL 3adad, cepen

SKUX po3po0Ka CTpaTerii CHCTEeM aKTHBHOTO
nemryBaHHS ~ BiOpamiii  BENMKHX  THYYKHX
KOHCTPYKITiH. y HaHIPOCTIMIUX BUIIAIKAX

JOCTaTHBO BBECTH KOHTYPH MICLIEBOTO 3BOPOTHBOTO
3B’S3Ky 3a IIBUAKICTIO, aj€ 4YacTo HEOOXIIHO
pO3rIIAAaTH OUIbII CKIIAJHI CUCTEMH YTPABIiHHA, Yy
ToMy uuchi i agantuBHi. Kpim TOoro, moTpeOyoTh
BHpPIMICHHS TIPOOJIEMH  TpaKTHYHOI  peaiizamil
3aKOHIB KEpyBaHHS 3 BHKOPHUCTaHHSM IH(PPOBUX
CHCTEM YINpPaBIiHHA, a TAaKOXX BIUIUBY JWHAMIKA
CHJIOBMX BHKOHAaBUMX MEXaHI3MIB Ha 3MIiHY
JUHAMIYHUX  BIIACTUBOCTEH  BEINHMKHX THYYKHX
KOHCTPYKIUiH TOmIO.

VY naniii poOOTi BHBUAETHCS CTIHKICTh peanbHOT

THYYKOi TPYXHOT KOHCTPYKIIi SIK CHCTEMH 3
PO3MONUIEHUMH TapamMeTpaMd, a TaKOX BIUIMB
AKTUBHOTO KEepyBaHHS Ha OUHAMIYHI

XapaKTEPUCTUKHU TaKOI KOHCTPYKITIi.
Bimomi cnpoOu IOCHIAMTH CTIHKICTh THYYKOT

MIPYXKHOI KOHCTPYKLUIi 3 BUKOPHUCTaHHIM
MaTeMaTUYHUX  MOJENed  cucTteM  JiuIe 3
IUCKpeTHUMH  mapameTtpamu  [1, 4] Linkom

3pO3yMLJIO, IO OJIEPXkKaHi MPH [IbOMY PE3yJIbTaTH HE
Oynu JOCTaTHBRO TOYHMMH. HaromicTh, mpH
BpaxyBaHHI PO3MOJIJICHUX TMapaMeTpiB KOHCTPYKIIIT
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MaTeMaTH4YHa MOAEIb Ma€ BUIJIAA TPAaHUYHOI 3a1a4i
y naudepeHIiadbHAX PpIBHSHHAX B YaCTUHHUX
MOX1IHUX.

Jis 1iel HOBOi MOJieNi MOYKIJIMBO PO3POOHUTH SIK
ACUMIITOTHYHI, TaK 1 YHCENbHI METOOU, SKi
JO3BOJISIIOTH TIEpII 3a BCE BHU3HAYUTU YacCTOTH
MO>KJIMBUX KOJIMBaHb, a TAKOXK YMOBH CTIHKOCTI IpH
aKTHBHOMY KOHTPOJi KonwBaHb [2, 3]. AmHami3
BIUIMBY PI3HUX ITapaMeTpiB PO3TIISIHYTOI CHCTEMH
JO3BOJISIE 3pOOWTH BHUCHOBKM TPO I ONTUMAabHI
HapaMeTpH.

Pesynmbratn  maHoi  poOOTH  MOXYTH  OyTH
BUKOpUCTAaHI Yy  KOCMi4HIH  iHKeHepil mpH
NPOCKTYBAaHHI HOBHX TIOKPAICHWX TEXHIYHUX
CHCTEM.

2. MATEMATUYHA MOJAEIJb

B naniit poboTi nmpoaHazizoBaHO THYUKY MPYXKHY

CUCTEMYy 3 PO3MOAUICHUMH Ta JUCKPETHUMHU
rapaMeTpaMu.
Bbasosa MaTeMaTH4YHa MOJIEJIb, 110

BHKOPHUCTOBYETHLCS IS JOCIIKEHb, BIAMOBIIHO 10
pobotu [4] mae BUTIISAA:

o*u
ox*ot’

0’u o*u
—ES =ES
ot? ox* P

pS

x=0, u(0,t)=0,

o'u o*u
+m(d+b)—+ 1
8X6t3 ( ) at3 ( )

x =L, mESB

o’u o’u
+ES(m+Bb)5‘x8t2 +mec— +

atZ

2
+ES(b+pe) L +Esc M 0,
oxot ox

ne u(X,t) — 3MIIIeHHS TOYKH CTEPHKHS 3 aBCIICOI0
X, S — mioma mepepily CTepKHs, P — Maca
B —
koe(illieHT aucunanii B Mmarepiani crepxkHs, b —
KoeimieHT AeMrpyBaHHSI BUKOHABUOT'O MEXaHI3MY,
C — JKOPCTKICTh MeHTpyouoi mnpyxkuau, d —
KOoe(ilieHT 3BOPOTHROIO 3B’sI3Ky, M — MpoOHa
Mmaca, L — nmoBkuHa npy»HOTO CTEpIKHSI.
HeoOximno Bim3maunmTh, Mo 3amgada (1) €
HEKOHCEPBAaTHBHOIO TPaHUYHOIO  3aJadyero, 1o
3aBKIM  CIOPHUYMHSAE 3HAYHI  TPYyIHOINI  IpH
BH3HAYCHHI TOYHOTO aHAJITHIHOTO PO3B’A3KY.
HexoHncepBaTtuzm 3ajaqi CIPUYHHSETHCS
MPUCYTHICTIO HEMApHUX IMOXITHUX MO Yacy fK Y
PIBHSHHI PyXy, TaK 1 y IpyTid rpaHu4HIN ymoBi. Lle
JO3BOJISIE  TIPUIYCTHTH, IO BJAacHi 3HAYCHHS

omuauiii 06’emy, E — wmoaynae IOmra,

rpaangHOi 3amadi (1) € KOMIUIEKCHHUMH YHCIIaMH,
IO Y3TOJKYEThCS 3 Pe3yJbTaTaMu, OACPKAHUMHU Y
poborax [1-3].

3 MeToI0 BpaxyBaHHsI BIUIMBY Pi3HHUX MapaMeTpiB
CUCTEMH Ha MOXJIUBI KOJMBAHHSI 1 CIPOIICHHS
JISSIKUX TPOMI3JIKHX MIEPETBOPEHB BBEJIEMO HACTYITHI
0e3po3MipHi 3MiHHI

_ u _ X ta
Uu=—, X=—, T=— 2)
L L L

Ta 6e3p03MipHi MapaMeTpu

Ba ba da
1:—’ H:—, V:—,
L ES ES
3)
n=-—2_ 5::E¥§,
pSL cL
E
gea’ =—.
p

Toni rpanmyny 3amauy (1) MoxkHa 3amucaTH y
0e3p0o3MipHOMY BHUTJISIII:

o’'u_ ou

=g
1 A—2 >
OxX 01

o'u
ot ox’

ol

=0, u(0,7)=0,

_ o*u o*u
X Il, 8”’]8@4‘1’]6(\/4‘“)?4' (4)
o'u o*u
+dnN+el)—5 +nN—5+
(n+e,n) peshl b
ou  ou
+—=0.
oxX0t OX

+ (g, +ud)

Maremaruuna Monenb (4) omucye JUHAMIYHI
MIPOIECH Y CHCTEMI 3 PO3MOIIIEHUMH MapaMeTPaMHu.
ToMmy TIpUPOAHKO MPHUIYCTHTH, IO Y TaKiil cHCTEMI
CTalllOHApHI peXHMH pOOOTH HE 3aBXIU €
ofHOYacTOTHUMU [1].

3. YUCENNbHMA METO[,

B nmaniii po0OoTi nmns BU3HAYEHHS BIACHUX
3HaUeHb TpaHWYHOI 3amadi (4) BHKOPHUCTAHO
YHCENLHUI METOJl HOPMalbHUX (YHIaMEHTAIbHUX
CUCTEM PO3B’S3KiB.

[Mutanass oOrpyHTYBaHHS 30DKHOCTI METOAY
HOpMaJbHUX (YHIaMEHTAJIbHUX CHCTEM PO3B’SI3KiB
Ta HOro TOYHOCTI MPH 3aCTOCYBaHHI O 3a1a4 Teopii
KOJIMBaHb JIETaTbHO PO3TIIIHYTO Y MOHOTpadii [5].
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BpaxoBytoun, 1m0 BiIacHi  3HAYCHHA €
KOMIUICKCHUMH ~ YHCIIaMH, PO3B’S30K TPaHUYHOI
3agaui (4) OyzmeMo mykatu y Takii popmi:

u(i, T) = [ul (i) +iu, (i)]e(q“m)T , ®)

Ie q Ta (O — BIONOBIIHO JilicHa Ta ysSBHA YaCTHHU
BJIACHMX 3HAUYCHB, 10 € KOHCTAHTaMH 1 MiJISAraloTh
BU3HAYCHHIO.

[Micns migcraHoBkM QopMu po3B’sizKy (5) 'y
rpaHuvHy 3amady (4), nificHa Ta ysSBHa YaCTHHU
PIBHSHHS pyXY BilITOBITHO Oy Iy Th:

(0" - o Jo, - 2q0u, -

- (1 + glq)u{’ +g0u; =0,

(6)
2qou, + (q2 - (02)u2 -
—gou —(1+gqus =0.

3 METOIO 3a0e31eueHHs KOMITIAKTHOCTI
ImoaajJbIInXx BI/IpaSiB 6yﬂeM0 BI/IKOpI/ICTOByBaTI/I
HaCTyHHi IIO3HAYCHH .

D, = n(q2 - 032)+ n3q* (v +u)-
—3ndqw’ (v +p),
D, = -3n3q (v +u)+
+ nm(u6c02 —2q+ véw’ ),
(7)

D, =3(q> - o (eu+m)+

+ (e,lnéiq(q2 -3’ )+ qud+g,)+1,
D, = —ole, +ud)+

+emdolo’ —3q>)-28qo(n +&,u).

Toni rpanuvHi yMOBH (4) Ticis po3AiieHHS iX
TACHUX Ta YSBHUX YaCTHH MOXKHA 3alicaTH y
BUTIISAL

D,u, +D,u, +D,u; +D,u}, =0, (8)

—D,u, +Du, -D,u; +D,u}, =0.

BukopucTaHHs 4HCENFHOTO METOAY HOPMAJIbHUX
(GyHIaMEHTaTbHUX CHUCTEM PpO3B’S3KiB BHMAarae
OpEACTaBICHHS 3a7adl y BUINIALL  CHCTEMH
3BHYAWHUX Ju(epeHIialbHIX PIBHAHb MEPIIOTo
MOPSIIKY Y HOpMalbHIH (opMi, SIKi 3aJ0BIIBHSIOTH
JOBUJIBHUM 3alaHUM TPAaHUYHUM YMOBaM.

Tomy, 3 wMeTor0 3BeAcHHS pIiBHIHBL (6) 10
HEOOX1THOTO BHUIJISTy BBEIEMO TaKi HOBI (DYHKIIIi:

Y=, Y,=Uy, Y3=U;, Y,=u,. (9)
Tomi HeoOximHa cucremMa audepeHIiaTbHUX
PIBHSIHB Y HOpManbHil Gopmi Moke OyTH 3amucaHa

K

!

Yi =7s55

er =Y

Yy =Ky, Koy, (10)
y4’ =K,y, +Ky,.

ne xoedinientn K, ta K, 3amexars Bin mykanux

BEJIMYMH ( Ta O:

K _q2—0)2+81q(q2+c02)
1 2 2.2
(1+gq) +&o

K. — (2q+.91(q2 +0)2))o)
2 (1+81q)2 +812032

b

(11)

VY HoBux O¢yHkuisx (9) rpanuuHi ymoBH (8)
MOYKHA IEPETBOPUTH O HACTYMHUX:

x=0, v,=7,=7;=7,=0,

x=1, D)y, +D,y,+Dsy;+D,y, =0, (12)

-D,y,+Dyy, -D,y; +D;y, =0.

Otxe, Temep HEOOXiTHO PO3B’SA3aTH TPaHUIHY
3amauy (10), (12) y 3puuaiinux audepeHIiaTbHIX
PIBHSIHHSX. 32 JONOMOTOI0 OYIb-SKOTO YHCEIBHOTO
MeTONy, Hampukian, Meroxy  Pynre-Kyrra,
HEOOXITHO YOTHPH pa3u po3B’si3aTé 3amady Kormri
s cuctemu  piBHAHB  (10) 3 HacTymHuUMH
MOYATKOBUMH YMOBaMHU:

I, mpu k=]
j 0) O‘)’ = .9 13
yj’k( q) 0, mpu Kk #j (13)
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Jie TIepIInii HIKHIN 1HAeKC QYHKIil Y — 1me HoMep

po3B’si3Ky, a apyruii — nomep dyukuii, j,k =1, 4.
B Takwmii cnoci6 MoxHa 3()opMyBaTH HOPMaJbHY
TyHuaMeHTam,Hy CHCTEMY PO3B’SI3KIB

Yk (X’ ®, q)}j,k:1,2,3,4
mudepenuianeHux piBHAHE (10). 3 momomororo
Takol CHUCTEMH pO3B’S3KiB 3arajibHUN pO3B’SI30K
yk(i,c),q) cucreMmu (10) moxHa 3amucatu y

JJIA CHCTCMH

BUTJISII:

4
’Yk(iawaq):ZCjFYj,k(ia(Daq)’ (14)
=1
me C i Jeski KoedillieHTH, sKi HEoOXiIHO
BU3HAYUTH.

BukopucToByrour  BJIACTUBICTH  HOPMAJIbHOI

(hyHIaMeHTaIbHOI CHCTEMH PO3B’S3KiB
Cy =yk(0,w,q), (15)

ne k=1;4, 3 nepwoi rpannunoi ymosu (12) nerko
BusHauntH, wo C, =C, =0.

Tenep, 3aM0BUIBHSIIOYN JIPYTy TPAHHUYHY YMOBY
(12), omepxuMo [Ba JiHIHHUX anreOpaidHUX
piBHsAHHSA BinHOCHO KoedinientiB C;, C,:

C.E,(Lo,q)+C,E,(Lw,q)=0,

o, (16)
C.E,(LLo,q)+C,E,(LLo,q)=0,

ne xoedimientn E (l, o, q) , S =1; 4, Bu3HavaroThCA

HACTYIHUMH (popMynamu:

E, (la , q) =Dyy;, (l)+ D,y;, (1) +
+Dsys;5 (1)+ D,ys, (l) )
Ez(l’ , Q) = D1Y4,1(l)+ D2Y4,2(1)+
+Dsy,;5 (1)+ D4Y4,4(l)’
(17)
E3(l’ o, (l) =-D,y,, (1)"' Dyvs, (1) -

—D,vs; (1) +Dsys, (1)=

E4(1, , CI) =-D,v,, (l) +Dyy,, (l) -

—D,y,; (1) +Dyy,, (l)

3BiAcH, CITIBBIHOIIEHHS

E (1 E,(1
Alonq)= (Lo,q) E,(Log

_ =0
E;(Lo.q) E,(Log

(18)

€ HEeOoOXIHOI 1 JOCTaTHBOIO YMOBOIO iCHYBaHHS
HETPUBIAIBHOTO PO3B’SI3KY OJHOPIIHOI CHCTEMH
TMHIKHAX anreOpaidHuX piBHIHG (16).

Ile cmiBBiAHOIIEHHS € TaKOX HEOOXITHOIO 1
JOCTaTHBOI0 YMOBOIO ICHYBaHHS HETPHBIaJIHLHOTO
PO3B’s3Ky rpaHn4HOI 3a1a4i (1). BoHO € piBHAHHAM
BIZIHOCHO Tapu 3HaueHb ( Ta O, SIKi MOXHa

BU3HAUUTH fAK Horo KopeHi. Takum
piBHsHHS (18) MOXHa BH3HAYUTH

KOMIUIEKCHi BJacHi 3HaueHHs (+ 100

YUHOM, 3
TaKOXK 1
TPaHUYHOI
3amaui (4).

HeoOxigHo TakoX BiA3HAYWTH, 1[0 BU3HAYHMK
A(co,q) 13 Bupasy (18) € 3aBkau HEBiA €EMHUM, 11O
Y3rOUKYEThCS 3 Pe3yJabTaTaMu, OJCPKAHUMH Y
pobori [3].

4. YTOYHEHUW METO[,

LlinkoM O4YeBUAHO, IO TOYHICTb BHU3HAYCHHS
BIIACHUX 3HA4Y€Hb PO3TIISIHYTOI TPaHWYHOI 3amadi
3aJICKUTh BiJ JOBXKHHH IHTEPBAIY IHTETPYBAHHS
st cucremu (10). Tomy Uit 3MEHIIIEHHST TTOXUOKH
o0uHCIeHb HEOOXiAHO po30utn iHTEepBa

1HTErpyBaHHS [O; 1] Ha JesKi MEHII iHTepBalu

ToukamMH X =X;, ae 1=1,n-1, npuiiaisum
X,=0,ax,=1.
Toni pos’sa3ku 7y, (i, , q) TpaHUYHOI 3ajadi

(10), (12) moxHa 3dopMyBaTH Ha BiIITOBITHUX

MiTIHTEpBaIAX 3a JIOIIOMOT' OO pO3B’A3KiB
yl((i) (i, , q) CHCTEM PiBHSAHb
0] =y,
O]=v,
(19)

[7(31)]': Klygi) - sz(zi) )
9] =Ko+ K0,

Je HIKHIH 1HOeKc QYHKOil Y BH3HA4Ya€ HOMEp

pO3B’sI3Ky, a 1l BepxHiIH IHAEKC — HOMep

miginrepsana, i =1,n.
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Po3B’s13kM yf:)(i, m,q) cucreM piBHsaHb (19)
TTOBUHHI 33JI0BITBHATH TpaHUIHUM yMmoBaMm (12) Ta,
KpiM TOTO, IESIKUM YMOBaM CIIPSDKEHHS, SKi TOBUHHI
3B’s3yBaTd iX Ha KiHISX MigiHTepBamiB. OCKIIbKH

TOYKH X; PO3OHTTS iHTEpBaTy IHTCTPYBAaHHS [O; 1]

€ IOBUIBHHMH, MOXXEMO O0OpaTH TakKi yMOBH
CHPSDKEHHS:
(i) (= i+ (=
7 (%L0,0)=7" (X, 0.q).
(20)

O (% 0,0)] = [ (%, 0,q)]

ne i=1,n-1. Tonui yk(i,w,q)
rpannvHoi 3amadi (10), (12) OyayTe BuU3Ha4atucs

HACTyIIHUM YHMHOM:

PO3B’SI3KU

7% 0,q) =1} (X, 0,q), 1)
nexe(x_,X,],i=1n.
OT)KC, TCICP MOKHa BUKOPHUCTATH

BUIICOTMCAHUIA METOJ] PO3B’SI3aHHS JJI YCIX CUCTEM
piBasab (19). I3 BpaxyBanusMm (21) onepxumo
HeoOXiHy 1  JOCTaTHIO  yMOBY  iCHYBaHHS
HETPHUBIATHLHOTO PO3B’ 3Ky TpaHUTHOI 3amadi (1):

El(in’w’q) EZ(in’w’q

M=l " o) E. .0

=0, (22)

e El(in’(’o’q)’ Ez(inﬂ(’o’q)’ E3(§n90\)9q):
E4(in,co,q)

dbopmynamu, SKi HE HABOIATHCSA TYT uYepe3 ixX
TPOMI3IKICTb.
Sk i1 Bumie, QyHKIIsA A((D,q) 3 piBHSHHA (22)

BU3HA4YalOTHCA PEKYPCHTHUMHU

3aBXIH € HeBix eMHOT0. Lleit dakT memo yckiaaHioe
YHceNnbHE BU3HAUYEHHS BJIACHUX 3HAYCHB, Y 3B’SI3KY
13 UMM JUIS 3HAXOJKEHHS IMap 3Ha4ueHb ( Ta M OyB

BUKOPHUCTAaHUN METOJ MPSMOTO TOIIYKYy MIiHIMyMY
¢byHKLii A(O),q) 3]

5. OCHOBHI PE3YJIbTATU

[Tepur 3a Bce, Big3HAYMMO, IO yCi HaBEACHI
BHIIIC MaTEMaTUYHI BUKJIAJAKK OyJH TEpeBipeHi
CHCTEMOI0 KOMI'IoTepHOI anrebpu Maple,
Bepcis 9.5.

Y upoMy po3aili HaBEACHO pe3yJIbTaTH
YHCEIbHUX PO3PaxXyHKIB, SIKi OyJO MPOBEACHO
Ha MepcoHanbHOMY KoM toTepi Pentium 4 Intel
PC, 256 MB RAM. Ockinsku Maple BUSIBUBCS
HEIOCTaTHBO €(PEeKTUBHHUM, Ui YHCEIbHUX

po3paxyHKiB Oyno Bukopucrano Free Pascal,
Bepcis 2.0.0, MmO € [OOCTYNMHOK Ha CaiTi
http://www.freepascal.org/. Tlporpama Ha MoOBi
Pascal, mo oOumcaioBaza BJIacHI 3HAYEHHS
HEKOHCEPBATUBHOI ~ TpaHW4YHOi 3amadi  (4)
METOJIOM  HOpPMallbHUX  (yHIaMEHTaIbHUX
CHUCTEM  pPO3B’S3KiB,  MpalmioBajia  Maibke
MHUTTEBO.

3a piBHSAHHAM (22) OyI10 TOCTIKEHO 3aICKHICTD
4acToT (;, (), MOXIMBHX KOIHBaHb BiJl PI3HHX
napamMeTpiB peajbHOI THYYKOI TNPYKHOI CHCTEMH.
Haiibinpmmii  iHTEpec  BHKJIHMKANO  3’SICYBaHHS
MOXKJIMBOCTEH KOHTPOJIIO 4YacTOT KOJIMBAaHb 32
JTIOTIOMOTOI0 3MiHH MapaMeTpiB cucteMu. OCKUIbKU
€IMHUM TIapaMeTpOM, KU MOKHA PETYIIOBAaTH y
peanpHiit cucTeMi, € Koe]iIlieHT 3BOPOTHHOTO
38’s13ky d, TO Oyi0 MpoaHali30BaHO 3aJEKHICTH
YaCTOTHOTO CIIEKTPY CHCTEMH Bifl IILOTO MTapaMeTpy.

OOGuuCIeHHS MPOBOAMINCS NIPH MTapaMeTpax

g, =0.005, p=0.008,
(23)
n=7, 5=0.1,

II0 MAaKTh Miclle B peaJbHUX CHCTEMax 3
PO3MONIIEHUMH Ta JUCKPETHUMH MapameTpamu [4].
3rigHo piBHsHHA (22) Ha Puc.l mpencraBieHo

rpadiky 3anexHOCTi AificHMX 4YacTMH (;, (,
HEepIINX JBOX BJIACHUX 3HAUCHb BiJ 0€3pO3MIpHOTrO
mapameTpy vV, MO0 € IpAMONPONOPUIHHUM
KoedilieHTy 3B0pOTHBOTO 3B’513Ky d .

3a piBHAHHAM (22) yABHI YacTHHH @, O,

nepmux JABOX BJACHUX 3HAYCHb € IMPaKTUYIHO
HE3aJICKHUMH BiZl 6€3pO3MIpHOTO TTapaMmeTpy V :

®,=0,353, ®,=2,905. (24)

OueBUOHO, 1[0 30HA CTIHKOCTI  CHCTEMHM
BIAIIOBifa€ Big €MHUM 3HAYEHHSAM MIMCHUX YaCTHH

d,, {, BIACHHUX 3Ha4€Hb, a y BUNAJKY, KOJIU BOHH
JOPIBHIOIOTH HYJIO, Ma€EMO BHUIAJOK aBTOKOJIHMBAHb.
Tomy 3 Puc. 1,06 BumHo, mo BiOparmii HEe OyIyTh
30y)KyBaTUCS Ha IPYTil 4acTOTI.

Kpim Toro, 3a Puc. 1,a MOXIMBO BHU3HAUUTH
3HaueHHs mapameTpy VvV, npu skomy (, =0. Ie
sHayeHHs vV = 0,053 e MakcuManbHO JOMYCTHMHM:
MpH yCiX OUTPIIMX 3HAYCHHSAX V TIepiia BjacHa
4acTOTa (), 3HAXOJHUThCA Y 30HI HECTIIKOCTI, a 0Txke
B CHCTEMI Ha il 9acTOTi 30y/KYIOThCSI KOJTMBAHHSI.

Takum 4uHOM, JUIsl KOKHOI KOHKPETHOI CHCTEMHU

3 PO3MOAIIEHUMH Ta AWCKPETHHMH MapaMeTpaMu
MO>KHA BU3HAYUTH XapaKTeP MOXJIMBUX KOJIUBAHb.

56



Onena Mynw, /I. Toppew / Computing, 2005, Vol. 4, Issue 1, 52-59

To#t dakr, mo Oe3po3mipHHI TapameTp V €
MIPSIMOTIPOTIOPIIIHHIM ~ KOE(II[iEHTy  3BOPOTHBOTO
38’s3ky  d, sKmii  MOXHA  LIECTIPIMOBAHO
3MIHIOBaTH  [UIIXOM  BHKOPUCTAHHS  PI3HUX
3BOPOTHIX 3B’s13KIB [4], 1ae 3MOry HiJIECHPSIMOBAHO
3MIHIOBaTH  BJACHI ~ 3HAYEHHS  PO3MIISHYTOL
HEKOHCEPBAaTHBHOI TPaHWYHOI 3ajavi, a OTKe 1
YJaCTOTHUH CHEKTP, B SKOMY MOJJIMBE 30y/KCHHS
KoumBaHb. lle m03BoNsiE YHUKHYTH B PO3TIISHYTIH

CI/ICTCMi BHUHUKHCHHA He6a)KaHI/IX KOJIMBaHb,
BKJIIFOYAOYU aBTOKOJIMBAHHS.
0.0003
0.0002
1
0.0001
0 0.02 004 006 0.08 0.1
15
-0.0001
-0.0002
a)
-0.0138
-0.014
-0.0142
G2 -0.0144
-0.0146
-0.0148
-0.015 ¢ 0.02 0.04 0.06 0.08 0.1
124
0)

Puc.1 — I'padixn 3aiesxuocTi gilicnux yacrun (,,

(, mepmuX ABOX BJACHMX 3HA4YeHb Bil mapamerpy V.

6. BACHOBKU

B naniii po0OTi PO3TISHYTO HEKOHCEPBATHBHY
TpaHUYHY 3ajady, W0 ONKCY€ KJIaC AWHAMIYHUX
CHCTEM 3 pO3NOIUICHUMH Ta  JUCKPETHHUMHU
napamMeTpamMu, sIKi BUKOPHCTOBYIOTBCS Y KOCMIuHii
imkenepii. st BU3HaUYeHHS 1 KOHTPOIIO YaCTOTHOTO

CIEKTPY, B SIKOMY MOJJINBE 30yIKEHHS KOJINBaHb,
OyJo yCHIIIHO BUKOPUCTAHO YHCEIBHUHA METOJ
HOpPMaJbHUX (YHIAMEHTAJIbHUX CHCTEM PO3B’S3KiB.
Pesynpratm  pmaHoi  pobOTH  MOXYTh  OyTH
BUKOPUCTaHI TIpU TPOEKTYBAaHHI  TOKPalICHUX
THYYKHX TPYKHUX TEXHIYHUX CHCTEM.

7. CIIUCOK NITEPATYPH

[1] K. . Kyxra.
Kpacnomanxa. Kauecmeennasn
YIPABNAeMbIX — OUHAMUYECKUX — cucmem ¢
Henpepvi8HO-OUCKPEMHbIMU napamempamu.
Haykosa nymxka. Kues, 1986. c. 224.

[2] O. Mul. On Conditions of Excitation of Self-
Oscillations in a Nonconservative Dynamic
System with Distributed Parameters, Cybernetics
and Computing Technology, Complex Control
Systems, Allerton Press, New York (111) (1998).
pp. 70-72.

[3] O. Mul. V. Kravchenko. Investigations of
Vibrations in the Complex Dynamical Systems
of Transmission Pipelines, "Interface and
Transport Dynamics. Computational
Modelling", Lecture Notes in Computational
Science and Engineering, Springer-Verlag
Berlin Heidelberg (32) (2003). pp. 295-300.

[4] B. A. Kpacnomanka. K ycTroiiunBocTu cucrtem c
pacrpe/ieleHHBIMH napameTpamu npu
peaiv3anuy aKTUBHOTO YNPAaBJICHUS OOJIBITNMHU
ruOKuMH cucteMamu, [Ipobrnemvl ynpaenienus u
ungopmamuxu, Kues (6) (2000). c. 60-65.

[5] K. 4. Kyxta. B. II. KpaBuenko. Hopmanvhsie
@yHOamenmanvHble  cucmemvi 6  3a0avax
meopuu konebanut. HaykoBa mymka. Kwues,
1973. c. 205.

B. A.
meopus

B. II. KpaBuenko.

- A OneHa Mynb e 1994 p.

' ‘ 3akiH4yuna LepxasHul
= yHieepcumem “fIbsiscbka
ey nonimexika” 3a
cnieujansHicmio  “TlpuknadHa

mamemamuka”. 3 1994 p no
1998 p. Has4ajsiaca 8
acnipadmypi npu IHcmumymi
kibepHemuku HAHY, m. Kuis.
B 2000 p. 3saxucmuna
kaHOuGamcbKy Oucepmauito 3a creuyianbHICmKo
“CucmemHull aHanis ma meopis onmumarbHUX

piweHs”. 3 2001 p. doueHm  kaghedpu
“CneuianizosaHux KoM ’tomepHUX cucmem”
TepHoninscbKoi akademii HapodHo20

eocriofapcmea. Koro Haykosux iHmepecis: aHaris
cKknadHux GuHaMiYHUX cucmem 3 po3rnodineHuUMu ma
QucKpemHuUMU rnapamMempamul.

57



Olena Mul, Delfim Torres / Computing, 2005, Vol. 4, Issue 1, 52-59

THE NUMERICAL METHOD
OF INVESTIGATIONS OF VIBRATIONS IN LARGE FLEXIBLE SYSTEMS

Olena Mul V", Delfim F. M. Torres ?

D Associate Professor, Institute of Computer Information Technologies, Ternopil State Economical University,
3 Peremoga Square, 46004 Ternopil, Ukraine, olena@mat.ua.pt
" Grant from FCT, Postdoc fellowship SFRH/BPD/14946/2004
2 Assistant Professor, Department of Mathematics, University of Aveiro, 3810-193 Aveiro, Portugal,
delfim@mat.ua.pt, http://www.mat.ua.pt/delfim

Keywords: — systems with distributed and discrete parameters, vibrations, numerical methods.

Nonlinear dynamical systems with distributed
and discrete parameters are widespread in heavy,
extractive and manufacturing industry, as well as in
space-system engineering [1-4]. Different complex
dynamical processes are possible in such hybrid
systems, including vibrations, which always have
negative influence on their functioning and
sometimes even can result in system breakdown.

Therefore, the aim of investigations is to study
possible vibrations in such nonlinear dynamical
systems with distributed and discrete parameters, as
spacecrafts of big size, as well as to find ways how it
is possible to decrease harmful effect of vibrations
on normal functioning of the systems.

Spacecrafts of big size are considered, which
contain  some  flexible elastic  elements.
Specifications for the spacecrafts (for example, in
the control of form and accuracy of space antenna
orientation) presume that intensive vibrations in
such flexible constructions are not admissible.
Passive damping of vibrations is often applied for
elimination of vibrations, but strict specifications for
the spacecrafts require other methods to control
vibrations. One possibility is to use systems with
active control of vibrations [1]. The problem is to
study the effect of active control on the dynamical
characteristics of the elastic construction with
distributed parameters. There were several attempts
to solve this problem before, using mathematical
models of the system, which account discrete
parameters only (see [4] and references therein).
These results are not accurate enough. Following
[4], we take into account all the distributed
parameters of the flexible elastic construction. The
mathematical model becomes a nonlinear boundary
value problem, which consists of a partial
differential equation and nonlinear boundary
conditions:

o*u o*u o’u
—-ES =ESB———,
ot? ox* P Ox ot

pS

x=0, u(0,t)=0,

o'u o

u
=L, mES +m(d+b)—+ 1
X mESB——= +m(d+b)—5 (1)

+

o*u o0*u
+ ES(m +Bb +
(m B )aXGtz mce atZ
2
+ES(b+Be) L 1 ESc M 0,
Oxot ox

where u(x,t) is displacement of a point of bar with
abscissa X, S is bar cross-section area, p is unit
volume mass, E is modulus of material elasticity, 3

is coefficient of dissipation in material of bar, b is
damping factor of executive mechanism, ¢ is
rigidity of centering spring, d is coefficient of
feedback, m is specimen mass, L is length of
elastic bar.

It is necessary to point out that the problem (1) is
a nonconservative boundary value problem. The
non-conservatism is caused by the presence of the
odd derivatives on time both in the equation of
motion and in the boundary conditions. This allows
assuming that eigenvalues of the considered
boundary value problem are complex numbers, what
is agreed with the results obtained in the papers [1-
3]. This fact makes considerable difficulties for an
exact analytical solution of the problem.

For the model (1) it is possible to develop both
asymptotical and numerical methods. This allows to
obtain frequencies of possible vibrations [2, 3].
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In this way we can also determine conditions of
stability under active control of vibrations. After
analysis of influence of different parameters of the
considered systems it is possible to make a
conclusion about the optimal parameters.

In order to account the influence of different
parameters onto possible vibrations and to simplify
cumbersome calculations, we write boundary
problem (1) in the dimensionless form, introducing
dimensionless variables

—u _ X ta
u=—, X=—, T=— 2)
L L L

and dimensionless parameters

Ba ba da
81:_7 l"L:_a V:_a
L ES ES
(3)
_m s_ES
1 pSL’ cL’
where a2=E.
p

In this paper, the numerical method of the normal
fundamental systems of solutions is used for
determination of the eigenvalues of the boundary
value problem. The justification of the convergence
of the method of normal fundamental systems of
solutions, together with the theory, which explains
its good accuracy when applied to vibration
problems, can be found in the monograph [5].

Taking into account that the eigenvalues are
complex numbers, the solution is searched in the
following form:

u(i, T) = [ul (i) +iu, (i)]e(q“m)T , 4)

where q and ® are, respectively, the real and the

imaginary parts of the eigenvalues. They are real
constants, which should be determined.

An application of the numerical method of
normal fundamental systems of solutions demands a
presentation of the problem as a system of ordinary
differential equations of the first order in the normal
form, which satisfy some boundary conditions.

Therefore, in order to reduce (1) to the necessary
form, the next new functions were entered:

Yy=U, Y,=Uy, Y3=U;, Ya=U,. (5)

By means of any known numerical method, one
can solve the Cauchy problem for the set of
equations in new functions (5) four times with the
simple initial conditions and in this way generate its
normal fundamental system of solutions.

With the help of such system of solutions, the
relation of the form

Al®,q)=0 6)

is obtained, which is a necessary and sufficient
condition for the existence of a non-trivial solution
of the initial boundary value problem (1). It is an
equation for a pair of numbers q and ®, which may

be determined as its roots. The determinant A((o, q)
from expression (6) is always non-negative, which is
in agreement with the results obtained in [3].

All the numerical simulations were carried
out on a Pentium 4 Intel PC, with 256 MB of
RAM. All the mathematical transformations
were done by hand and verified with the
Computer Algebra System Maple, version 9.5.
For the numerical simulations, Maple was not
efficient enough, and we have used Free Pascal
release 2.0.0, available at
http://www.freepascal.org/. With Pascal the
time of simulations was almost instantaneously.

The dependence of the frequencies of possible
vibrations on different system parameters was
investigated for the real large flexible system with
following dimensionless parameters [4]:

g, =0.005, n=0.008,

(7)
n=7, 6=0.1.

It is shown that for each definite hybrid system it
is possible to define a character of possible
vibrations. As dimensionless parameter Vv is directly
proportional to the feedback coefficient d, which
may be purposefully changed by application of
different feedbacks [4], it is possible to change
purposefully eigenvalues of the considered
nonconservative boundary problem. This allows to
avoid in the system an excitation of undesirable
vibrations, including self-excited vibrations.

The results of this paper may be applied in space-
system engineering for design of new improved
technical systems.
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